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Abstract

Responses of retinal ganglion cells to direct electrical stimulation have been shown
experimentally to be well described by linear–nonlinear models. These models rely on the
simplifying assumption that retinal ganglion cell responses to stimulation with an array of
electrodes are driven by a simple linear weighted sum of stimulus current amplitudes from each
electrode, known as the ‘electrical receptive field’. Objective. This paper aims to demonstrate
the biophysical basis of the linear–nonlinear model and the electrical receptive field to facilitate
the development of improved stimulation strategies for retinal implants. Approach. We compare
the linear–nonlinear model of subretinal electrical stimulation with a multi-layered, biophysical,
volume conductor model of retinal stimulation. Main results. Our results show that the linear
electrical receptive field of the linear–nonlinear model matches the transmembrane currents
induced by electrodes (the activating function) at the site of the high-density sodium channel
band with only minor discrepancies. The discrepancies are mostly eliminated by including axial
current flow originating from adjacent cell compartments. Furthermore, for cells where a single
linear electrical receptive field is insufficient, we show that cell responses are likely driven by
multiple sites of action potential initiation with multiple distinct receptive fields, each of which
can be accurately described by the activating function. Significance. This result establishes
that the biophysical basis of the electrical receptive field of the linear–nonlinear model is the
superposition of transmembrane currents induced by different electrodes at and near the site
of action potential initiation. Together with existing experimental support for linear–nonlinear
models of electrical stimulation, this provides a firm basis for using this much simplified model
to generate more optimal stimulation patterns for retinal implants.
Keywords: retinal prosthesis, retinal ganglion cell, electrical stimulation, linear–nonlinear
model, electrical receptive field, activating function
(Some figures may appear in colour only in the online journal)

1. Introduction

to produce visual percepts through electrical stimulation of
the retina, and can allow users to perform simple navigation
and identification tasks [1–8]. Despite this progress, percepts
produced by current devices vary in shape, intensity, and size
due to difficulty in using electrical stimulation to reproduce

Progress in retinal prostheses (bionic eyes) has led to promising developments for people with retinal pathologies such as
Retinitis Pigmentosa. Present-day retinal prostheses are able
1741-2552/18/055001+22$33.00
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patterns of neural activity with that would normally occur in
a healthy retina with visual stimulation. To elicit more natural
activation of retinal tissue, methods need to be developed that
provide more targeted and natural activation of specific cells,
cell types [9, 10], and retinal volumes [2, 4, 11].

single filter) of the stimulus current amplitudes is sufficient,
when combined with a spiking nonlinearity, to accurately predict responses to direct electrical activation. This single filter
is known as the electrical receptive field (ERF) [16, 18]. The
ERF describes which electrodes influence the cell and by how
much, and should not be confused with the well-studied visual
receptive field, which describes the region of the visual field
that influences a cell. The ERF assumes that the electrodes
interact linearly in driving direct activation of the cell. For the
minority of cells for which a single linear filter does not accurately predict direct electrically-evoked activation, a piecewise linear description has been shown to be sufficient [18].
A main limitation of linear–nonlinear models is that,
although they are able to accurately predict functional
behavior, they do not elucidate the underlying physiological or
morphological mechanisms. The performance of linear–nonlinear models, however, suggests that the complex anatomy
and physiological processes that govern RGC activity can be
largely described by a far simpler representation. In this paper,
we aim to recover the linear electrical receptive field of the
linear–nonlinear model from a detailed biophysical description of the retina, thereby highlighting the biophysical underpinning of the model.

1.1. Multi-electrode stimulation

A key question regarding stimulation with multi-electrode
arrays is how best to achieve an overall pattern of activation
that matches a desired image or a desired pattern of activation. A promising approach is the development of stimulation
strategies that account for the overall influence of simultaneously driven electrodes on each cell. Progress from sequential
single-electrode stimulation to simultaneous multi-electrode
stimulation could enable greater targeting of specific locations
and cell types. This is a challenging problem due to the complex responses of different retinal neurons and the interactions
of electrical currents from adjacent electrodes [12, 13].
A potential solution is to utilize more sophisticated methods
of stimulation to achieve spatial shaping of retinal activation that is informed by computational models of responses
of cells to multi-electrode stimulation [14, 15]. Ideally, these
models may be fit to individual patients, such as by using
implants that can record the retinal activity elicited by stimulation. Methods for shaping retinal activity in response to
multi-electrode stimulation require the development of parsimonious models of neural activation that lend themselves
to model inversion and optimization techniques. Model inversion will offer a method to directly calculate optimal stimulation patterns for achieving a desired neural activation pattern.
One form of candidate model is the linear–nonlinear model of
electrical stimulation [16, 17].

1.3. The biophysical basis for the RGC linear–nonlinear
model

As shown in figure 1, a biophysical description of electrical
stimulation of a RGC consists of (1) the flow of current
through the extracellular space from each electrode to the cell,
(2) currents entering each location in the cell, (3) the temporal
and spatial integration/summation of inputs within the cell,
and (4) the membrane potential dynamics of action potential
initiation in response to that intracellular current flow. The
accuracy of the linear–nonlinear model indicates that these
four stages can be effectively reduced to a single linear filter/
projection and a single sigmoidal nonlinearity.
Extracellular electrical stimulation of neural tissue is
typically modeled using Scheme 1 shown in figure 1, where
extracellular current flow and the induced transmembrane cur
rent are modeled as linear, or passive, and cellular integration and spiking is modeled as nonlinear, or active. However,
this description suggests a higher-dimensional and nonlinear
electrical receptive field, in disagreement with the linear–nonlinear model. Schemes 2 and 3 in figure 1 represent potential
simplifications of the detailed biophysical approach, and may
be used to explain the linear–nonlinear model.
Experimental evidence indicates that RGC electrical
responses are strongly influenced by the high-density sodium
channel band (SOCB) and that this is commonly the site of
action potential initiation [22]. This suggests a potential
explanation for the one-dimensional (i.e. a single linear filter)
description of the stimulus space used by the linear–nonlinear
model when fitted to electrical stimuli. If RGC spiking initiates
at the SOCB, it may be that the combination of stages 1 and 2
can be well approximated by a linear weighting of electrode
currents, corresponding to the cell’s electrical receptive field

1.2. Linear–nonlinear models

Linear–nonlinear models of retinal activation have been demonstrated to predict retinal ganglion cell activity accurately in
response to both light and multi-electrode electrical stimuli
[16–20]. These models are structured to efficiently capture the
statistical relationships between multi-dimensional stimuli and
retinal ganglion cell (RGC) spiking rates without explicitly
modeling the anatomy or physiology of the system. Although
these models have historically been applied to light stimuli
[21], their utility in predicting direct electrically-evoked RGC
responses has recently been demonstrated [16–20].
Linear–nonlinear models are simple, cascaded-filter
models that represent single-cell responses using a linear filter
to characterize the high-dimensional space of stimulus cur
rents (equal to the number of electrodes) in terms of a lowdimensional signal that is responsible for driving the neuron.
The linear filter is a simple weighted sum of the stimulus cur
rents from different electrodes, and represents the observed
sensitivity of the cell to stimulation with each electrode. The
output of this filter is passed through a static nonlinearity to
generate spiking probability. Furthermore, it has been shown
that, for the majority of RGCs, a single weighted sum (i.e. a
2
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Figure 1. Alternative biophysical approaches to modeling retinal ganglion cell activation. Models of neural activation in response to
electrical stimulation map electrode currents to corresponding neural activation, using a combination of linear and nonlinear components,
indicated by blue and red arrows, respectively. Scheme 1: a typical biophysically-detailed approach is to describe the extracellular flow
of current and the resulting transmembrane currents with a function that is linear with respect to the stimulus currents, followed by a
nonlinear description of the spatial and temporal integration of cell inputs and spiking behavior. Scheme 2: in cases where neural activity
is dominated by cell inputs at a single location, the more detailed description can be simplified by neglecting the impact of cellular
integration. Scheme 3: in cases where spiking predominantly initiates at a single location in the cell, but is influenced by cell inputs at a
range of locations, cellular integration may be treated as approximately linear/passive, with a nonlinearity applied only at the site of spike
initiation.

(ERF), that defines the current entering the SOCB (including
both transmembrane currents and axial current flow). If the
current entering the cell at the SOCB dominates its activity,
it may be that the effects of cellular integration can be mostly
ignored, as in Scheme 2 in figure 1. In this way, for either of
Scheme 2 or Scheme 3 in figure 1, the potentially complex
nature of spatial summation of current inputs from across the
cell’s entire surface is replaced by a single weighted sum of the
stimulus amplitudes. The nonlinear component of the linear–
nonlinear model then describes the active spiking dynamics at
the SOCB in response to that linear combination of stimuli.
Alternatively, it may be that cellular integration within the
cell cannot be neglected, but can be approximated as linear, as
in Scheme 3 in figure 1. Provided that spiking predominantly
initiates at a single location in the cell, presumably the SOCB,
it may be that cellular integration of inputs can be largely
approximated as linear/passive, with a spiking nonlinearity
applied only at the site of action potential initiation.
For RGCs for which a single weighted sum of the stimulus
space does not, on its own, accurately predict direct responses,
it has been proposed that this is due to the existence of multiple, distinct sites of action potential initiation [18]. This
description implies that multiple ERFs may exist for a single
cell, one for each site of spike initiation. Each ERF then represents the weighted sum applied to stimulus electrode currents
that defines extracellular current flow and summation of intracellular currents to that site of initiation. This would also suggest a piece-wise linear description of the cell’s ERF, where
each ‘piece’ relates to the ERF associated with a single site of
action potential initiation [18].
This paper aims to illustrate the biophysical basis of the
linear ERF of the linear–nonlinear model by comparing it

with a detailed biophysical model of retinal tissue and morphologically-accurate, active neuron models. A biophysically-accurate, multi-layered description of retinal tissue
is used to determine the activating function [23–26], which
is an approximation of the induced transmembrane current
along the surface of a neuron. Simulated activating function
data are then used as current inputs in the compartments of
a multi-compartment neuron model with active RGC membrane dynamics. This allows the ERF to be estimated from the
simulated spiking response to an ensemble of stimuli.
By drawing comparisons between the activating function
(transmembrane current) at different locations in the cells and
the electrical receptive field the linear–nonlinear model will
be biophysically reconstructed. The concept that the linear
component, or ERF, of the linear–nonlinear model represents the currents entering the cell near the SOCB will first be
examined (Scheme 2). The ERF will then be recovered from
a reduced biophysical model in which cellular integration is
treated as linear (Scheme 3), demonstrating that the ERF is
equivalent to the passively integrated membrane potential at
the site of action potential initiation.

2. Methods
2.1. Electrode geometry and cell locations

Simulations described in this study were designed to replicate
the experimental setup of Maturana et al [16], who reported
the use of the linear–nonlinear model for modeling direct
electrically-evoked RGC activation. The modeled electrode
array was located subretinally and stimulated retinal tissue
3
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orthogonal without loss of generality). Each vector, vi defines
a new direction in the N-electrode stimulus space using a
set of N weights. The magnitude of a projection of a par
ticular stimulus onto a vector vi , indicates the alignment of
that stimulus with that vector. In the experimental analysis
of Maturana et al [16] and in the simulations reported here,
the stimuli consisted of charge-balanced biphasic pulses of
500 μs phase duration and a 50 μs interphase gap. In this
study, we ran only single-neuron simulations and, hence, all
measured spikes were directly activated spikes (i.e. without
input from the presynaptic network).
The set of vectors, vi , were estimated using a stimulation
and recording scheme in which each stimulus current was
chosen randomly and independently from a Gaussian distribution. The stimulus data, ST, were filtered to include only the
stimuli that resulted in RGC spiking responses, SD . Using this
spike-triggered data, the spike-triggered covariance matrix
was calculated [39],

Figure 2. Electrode and tissue simulation geometry. (a) The
electrode array consisted of 20 electrode disks of 400 μm diameter.
Electrodes were arranged in 5-by-4 configuration, with center-tocenter pitch of 1 mm. For simulation, neurons were oriented such
that the end of the axon (example in red) was directed toward the
optic disk, which was located under electrode 9 as was the case in
Maturana et al [16]. Simulations were run with six reconstructed
cells at each of the three locations (18 combinations in total)
indicated by blue markers. (b) The retina was modeled by four
distinct layers: the vitreous, the nerve fiber layer, remaining retinal
layers, and an insulating subtrate. The electrode array was planar
and located at the insulator-retina boundary (black dashes). Neurons
were simulated with their somas located 10 μm below the nerve
fiber layer.

CS = cov(SD ),
(2)

where for N electrodes, CS is an N × N matrix. This covariance matrix was used to perform principal component analysis (PCA) to generate the set of vectors, vi : the principal
components calculated on the spike-triggered data. These
principal components are equivalent to the eigenvectors of CS.
The corresponding eigenvalues indicate the amount of variation in spiking behavior that was explained by each principal
component. To determine which principal components were
significant, the eigenvalues were tested to determine if they
were significantly different from chance [39]. This was done
by randomly shuffling the sequence of applied stimuli relative to spiking responses to create a set of randomized spiketriggered stimuli and recovering a null set of eigenvalues from
this set using PCA. This process was completed 1000 times
to construct a null distribution of eigenvalues and a 95% confidence interval. If the largest or smallest eigenvalue calculated on the raw data was outside the confidence intervals, it
was considered significant. The principal component corre
sponding to the significant eigenvalue was then projected out
of the raw data and the randomization test was repeated to
test for the significance of the second largest/smallest eigenvalues until all remaining eigenvalues fell within the confidence bounds.
Maturana et al [16] demonstrated that the majority of
information about direct spiking is captured by the first principal component, which reduces the N-dimensional projection
shown in equation (1) to a one-dimensional projection,

with geometry consistent with a rat retina, as that was the
animal model used in the experiments of Maturana et al
The modeled electrode array consisted of 20 planar disk
electrodes of 400 μm diameter with a center-to-center pitch of
1 mm, as shown in figure 2(a). For simulations, neurons were
oriented such that the end of the axon was directed toward
the optic disk, which was located under electrode 9, as was
the case for Maturana et al [16]. Simulations were run with
each of six reconstructed cells at each of the three locations
indicated by blue markers in figure 2(a). The retina was modeled by four distinct layers: the vitreous, the nerve fiber layer,
remaining retinal layers, and an insulating substrate, as shown
in figure 2(b). Further details of this model are given in section 2.4 of the methods.
2.2. The linear–nonlinear model

The input into the linear–nonlinear model was composed of
the amplitudes of fixed-period, biphasic current pulses delivered to each of the electrodes of a multi-electrode array;
S = [s1 , ..., sN ], where the current on each electrode, si, was
positive if the biphasic pulse was cathodic-first and negative
if it was anodic-first. Using this description of the stimulus
space, the model was able to simulate the combined effect
of arbitrary stimulus amplitudes across the electrodes of an
array. The most general form of the model can be described by
the following: given a stimulus vector, St , applied at time t, the
probability of a spike being generated is given by

P(Rt = spike|St ) = N1 (v1 · St ).
(3)

In the model above, v1 is the eigenvector for the spike-triggered covariance matrix which had the largest corresponding
eigenvalue and indicated the cell’s sensitivity to currents from
each electrode; it will be referred to as the cell’s electrical
receptive field (ERF) in subsequent sections of this paper. The
one-dimensional projection defined by v1 defines a simple
weighted average applied to the vector of stimulus currents.
This can also be referred to as the linear filter of the linear–

P(Rt = spike|St ) = NN (v1 · St ,v2 · St , ...,vN · St ),
(1)

where Rt ∈ {spike, not spike} is the binary RGC response,
NN is the nonlinearity operating on the N-electrode stimulus subspace, and vi for i ∈ {1, 2, ..., N} are a set of vectors defining a projection from the original stimulus space
to an N-dimensional subspace (which can be chosen to be
4
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nonlinear model. The terms ‘linear filter’, ‘one-dimensional
projection’, and ‘weighted average’ are synonymous and
are all used in the literature to describe the ERF or similar
concepts.
To account for the asymmetrical responses to cathodic-first
and anodic-first biphasic current pulses that has been presented in the literature [10], the nonlinear function, N1, has a
double-sigmoid form,


P(Rt = spike|St ) = N1 (v1 · St )
= N+ (v1 · St ) + N− (v1 · St ).

Table 1. Conductivity and thickness of modeled layers.

(4)

Here, a cathodic-first pulse is defined to have a positive
amplitude and an anodic-first pulse has a negative amplitude.
Equation (4) gives the spike probability in terms of a sum
of the spiking probability in response to cathodic-first and
anodic-first pulses. The net effect on the cell is cathodic-first
or anodic-first depending on the sign of v1 · St . The sigmoidal
nonlinearities are implemented as logistic functions,
a+
N+ (v1 · St ) =
(5a)
1 + exp(−b+ (v1 · St − c+ ))

Layer

Directional
dependence

Conductivity
(S m−1)

Thickness
(μm)

Vitreous

Isotropic

1.78 [27]

Nerve fiber
layer
Remaining
neural layers
Insulator

Anisotropic

varied, see [28, 29]

Infinite
extent
40 [30]

Isotropic

0.1 [31–37]

360 [38]

Isotropic

0

Infinite
extent

be validated in this paper aims to predict responses to subretinal stimulation, the order of model layers was modified
from the epiretinal configuration used in previous work [42]
to be (1) insulator substrate, (2) isotropic neural layers, (3)
nerve fiber layer, and (4) vitreous, as shown in figure 2(b). The
continuity of current flow is conserved at all points in each
layer and is consequently governed by a continuity equation:
∇ · Je, = 0
(6)

where Je, is the extracellular current density in layer , and


∇ = ∂/∂x; ∂/∂y; ∂/∂z is the differential operator. A
generalized form of Ohm’s Law is used to relate extracellular
current density and potential:

a−
N− (v1 · St ) = a− −
,
(5b)
1 + exp(−b− (v1 · St − c− ))

where the coefficients a+ , b+ , and c+ represent the maximum
spiking probability, slope, and threshold, respectively, and
similarly for a−, b−, and c−.

1
Je, = − 2 ξ ∗ ∇Ve,
(7)
4π
where Ve, is the extracellular potential in layer  and * represents a convolution over space and time and captures the flow
of current between points in the extracellular space. We refer
the reader to [23, 28, 29, 31] for further details and explanation. The conductivity or admittivity kernels, ξ, of each
layer, , are given in table 1. Admittivity is a spatially- and
temporally-dependent generalization of conductivity and is
the inverse of impedivity. The anisotropic admittivity of the
nerve fiber layer is incorporated into the admittivity kernel
provided by the cellular composite model of Meffin, Tahayori
et al [23, 28, 29, 31]. Note that the conclusions presented in
this paper rely only on the linearity of equation (7), and so are
not altered if this is substituted with a different linear model of
extracellular potential or current flow.
Following substitution of equations (7) into (6), a solution
to the system is determined by applying boundary conditions
at the layer boundaries that ensure finite energy and continuity of current and potential across retinal layers. The system
was formally solved in the spatio-temporal Fourier domain,
where the expression for the admittivity of a tissue composed
of parallel fibres, such as the nerve fiber layer, can be simplified. The solution was then numerically inverted back into the
space-time domain via the discrete inverse Fourier transform
to give the extracellular potential, φ on a uniform 3D grid of
points that sampled the layered structure, as well as over time.
Full details appear in Esler et al [42].
Following simulation of the extracellular potential using
the above volume conductor model, the resulting input into a
neuron was determined using the activating function [23–26].

2.3. Cell morphology

Six cell morphologies were traced using neuron r econstruction
software, NeuronStudio (v0.9.92) [40, 41], from three-dimensional fluorescent confocal microscope images of the cells
analyzed by Maturana et al [16]. The SOCB was defined as
the region 30 µm from the soma with a length of 40 µm. To
assess the influence of cell location on its ERF, stimulation
experiments were simulated for each cell at three characteristic locations. These locations were defined by the location of
the soma: directly under electrode 11; midway between electrodes 11 and 14; and midway between electrodes 11, 14, and
15, as shown by the blue markers in figure 2(a).
2.4. Biophysical model used for validation

To validate the linear–nonlinear model against more complex
biophysical representations of retinal stimulation, a modified
version of the four-layer volume conductor model described
previously by Esler et al [42] was used. This modified volume
conductor model describes extracellular potential throughout
the simulated retina, and uses a morphologically-accurate,
Hodgkin–Huxley-type model implemented in the NEURON
environment to describe neuron physiology.
The extracellular potential is described by a linear, fourlayer model of the retina, including layer descriptions for
the insulating substrate of the electrode array, the vitreous,
the nerve fiber layer, and an combined approximation of the
remaining retinal layers. Since the linear–nonlinear model to
5

T B Esler et al

J. Neural Eng. 15 (2018) 055001

In the general case of arbitrary neuron morphology, multicompartmental neuron models can be used. In this work, a
spatially-discretized description of the neural membrane with
ionic currents was used for determining membrane potential
dynamics,
Cm,n

dVm,n
Vm,n−1 − Vm,n
= − Iionic,n + 1
dt
2 (Ra,n−1 + Ra,n )
Vm,n+1 − Vm,n
+ 1
+ · · · + fn ,
2 (Ra,n+1 + Ra,n )

each compartment using equation (9). Activating functions
values were then used to drive the simulation of cell spiking
dynamics in NEURON. This biophysical modeling framework is equivalent to Scheme 1 in figure 1. Simplifications of
this model were subsequently applied to obtain models in the
form of Scheme 2 and 3 in order to biophysically-recover the
linear–nonlinear model.

(8)

2.5. Comparison of the electrical receptive field
and the activating function


where Vm,n, Ra,n , and Cm,n are the membrane potential, axial
resistance, and capacitance, respectively, at compartment n.
Iionic,n represents the conductance-based inputs into the cell
resulting from active membrane dynamics. The above equation can accommodate neural compartments with more than
two neighboring components (i.e. branch points) via the (…)
term. The activating function, fn, approximates the stimulation-induced transmembrane current and is represented here
in discrete form as

To validate the system for a wide range of stimulus inputs,
the 20-electrode stimulus current space used by Maturana
et al [16] was sampled from a zero-mean Gaussian distribution. Application of each generated combination of stimulus
currents was simulated using the biophysical model to yield
simulated spiking responses. The ERF of the simulated cell
was then calculated from the model output. To establish a biophysical basis for the simplifying assumptions employed by
the linear–nonlinear model, the ERF was compared to transmembrane currents (the activating function) at key locations
in the simulated cell’s morphology.
Since the biophysical model describes extracellular potential and transmembrane current as linear functions of the stimulus currents, the value of the activating function at a particular
cell compartment was the sum of contributions from each
electrode at that location. Hence, for a particular cell compartment, the activating function (i.e. the stimulus-induced
transmembrane current) was the sum of the transmembrane
currents induced by each electrode. To compare the activating
function at a particular compartment to the ERF of the cell
(which is a vector of weights or sensitivities assigned to each
electrode), the activating function was decomposed into the
contributions made by each electrode and its amplitude was
averaged over the course of the first phase of stimulation.
The contribution of each electrode was calculated by stimulating each electrode with a nominal stimulus current of 1 μA
and calculating the resulting activating function. For each
neuron compartment, this yielded a vector equal in length to
the number of electrodes, where each element corresponded
to the contribution of an electrode to the activating function
at that compartment in μA. Henceforth, this vector will be
referred to as the activating vector (AV). For a particular compartment, n, the activating vector will be denoted by fn in this
paper, as distinct from the activating function itself (the combined influence of all electrodes), which will be denoted by fn.
The ERF and activating vector were converted to unit vectors to eliminate differences in scale. To test for equivalence
between the two vectors, the Pearson product-moment correlation (hereafter referred to as correlation) of the two was
calculated and compared to a null distribution to determine
statistical significance. For each calculated correlation, an
appropriate null distribution was generated, defined as the
population of correlations between activating vectors at different locations in the cell and the cell’s ERF. An activating
vector was considered to be significantly similar to the ERF if
the correlation between them was in the top 5% of correlations
in the null distribution. For the activating vector at the soma,

Ve,n−1 − Ve,n
Ve,n+1 − Ve,n
fn = 1
+ 1
+ ...,
(9)
2 (Ra,n−1 + Ra,n )
2 (Ra,n+1 + Ra,n )

where Ve,n is the extracellular potential at compartment n
as determined by the linear extracellular component of the
volume conductor model. Note that, in this work, the activating function is represented as a current, as by Rattay et al
[43], as opposed to its alternative representation, which is nor
malized by capacitance [26].
The activating function provides a framework for the
combination of arbitrary models of extracellular potential
with morphologically-accurate, conductance-based, multicompartmental neural models. Here, models of extracellular
potential and neural response were implemented using a combination of customized linear analysis software (MATLAB,
Mathworks, Release 2016a) and conductance-based neural
modeling software (NEURON, Release 7.4 [44]), respectively.
The model of the RGC neural membrane was the same as
that used by Jeng et al [45], which was primarily adapted from
the model presented by Sheasby and Fohlmeister [46]. Similar
models have been validated in multiple previous studies
[47–49]. The model consisted of a leak current and five active
membrane channels: voltage-gated sodium, calcium, delayed
rectifier non-inactivating potassium, inactivating A-type potassium, and calcium-activated potassium. The sodium channel
conductance at the SOCB was set to be 20 times that of the
soma and the remainder of the axon. In line with Jeng et al
[45], the voltage-gated potassium conductance was increased
at the SOCB to a level that prevented spontaneous spiking.
RGC morphologies were embedded in the simulated
retina by placing the soma at one of the locations indicated in
figure 2 by blue markers, 10 μm below the nerve fiber layer
with the axon extending into the nerve fiber layer. Using trilinear interpolation, the time course of the extracellular potential was calculated at each three-dimensional compartment
location from the grid of calculated extracellular potentials.
These extracellular potentials were then used to calculate the
resultant transmembrane current (or activating function) in
6
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which is a single compartment, this null distribution consisted
of the correlations of the activating vectors at each compartment with the ERF. For a SOCB comprised of n adjacent compartments, the null distribution consisted of the correlation of
each set of n adjacent compartments in the cell with the ERF.
To calculate significance of correlations across all cell reconstructions, one-sided Student’s t-tests were performed to compare the set of correlations (one per cell and location) with the
pooled null distributions from all cells.

that the magnitude of stimuli along this dimension (i.e. their
projection) determined the probability of spiking.
This is quantified further in figure 3(b), which shows that
the first principal component dominated. By conducting the
statistical test described in section 2.2, it was revealed that
only the first principal component was significant for the
sample cell shown. The distance between the null distribution
mean (black line) and the eigenvalues was approximately 20
times greater for the first principal component than the second.
Finally, to complete the estimation of the linear–nonlinear
model, the one-dimensionally projected stimuli were passed
through a double sigmoid nonlinearity, such as that shown in
figure 3(d). This function was fit to the cell’s output spikes to
yield a prediction of spiking probability. Each of these results
is in agreement with the results of similar analysis conducted
on experimental data by Maturana et al [16].
As found in several previous experimental studies, some
cells (one of six in this study) appeared to have an ERF that
required more than one dimension or filter [16, 18], meaning
that more than one important principal component was recovered during PCA. This example is explored in more depth in
section 3.6.

3. Results
3.1. Recovery of the electrical receptive field

To demonstrate the relevance of the approach used in this
paper, the same statistical analysis conducted by Maturana
et al [16] on their experimental data was performed here on
the simulated data of the full biophysical model (Scheme 1 in
figure 1). By mimicking the experimental setup of Maturana
et al in the simulations presented here, experimental and simulation results can be compared. Simulations of neural activity
in response to 20 000 random stimuli were conducted for each
of the six cells at each of the three locations, indicated by the
blue markers in figure 2. Each simulation consisted of a single
neuron stimulated simultaneously by biphasic pulses on all
electrodes, where the amplitude of each pulse was randomly
selected from a zero-mean Gaussian distribution with standard
deviation between 100 and 150 µA, chosen to ensure a suitable number of stimulus applications (>2%) elicited spikes.
To estimate the ERF of the cell, principal component
analysis was conducted on the applied stimuli that elicited a
spiking response from the cell (see Methods). Principal comp
onent analysis provides a way to determine which combinations of electrode currents effect spike probability. In principle
there may be several distinct combinations of electrodes that
effect spike probability differently. These combinations correspond to the different principal components.
Figure 3 shows an example of the outcome of this analysis.
In agreement with Maturana et al [16], the neural responses
of the majority of cells were well predicted using a single
principal component, defined as the ERF. The first principal
component is shown in figure 3(a), along with the location
of the electrodes and the cell (black dot) in the inset. The
ERF corresponds to a projection of the 20-electrode stimulus
space onto the neuron’s preferred stimulus, representing a
one-dimensional linear projection. For the neuron shown in
figure 3, the spiking response could be well predicted by an
ERF corresponding to a weighted sum of the currents from
the three surrounding electrodes. In the majority of cases, the
variance in spiking probability described by the first principal component was substantially larger than the second and
higher components. This is exemplified in figure 3(c), which
shows the set of all 20 000 stimuli (black dots) projected onto
the first two principal components. Histograms along each
axis show the distributions of spike-triggered stimuli along
each component (blue) relative to the original distribution
of stimuli (grey), revealing far greater divergence from the
original distribution along the first component. This indicates

3.2. Linearity of the electric field and the activating function

The stimulation of neurons by one or more electrodes is
described biophysically using the combination of linear and
non-linear transformations. This biophysical description is
mirrored in the structure of the phenomenological linear–
nonlinear model. However, it is not immediately clear which
aspects of the biophysical system can be approximated as
linear before applying a nonlinearity, as illustrated in figure 1.
The chain of transformations that map multi-electrode stimuli
to neuron spiking can be broken into (1) the generation of an
electrical potential around the cell by the electrodes, (2) generation of the activating function (transmembrane currents)
at each location in the cell due to the extracellular potential,
(3) cellular integration of transmembrane currents, and (4)
neuronal spiking based on integrated current inputs. As in
the full biophysical model used in this work, steps 1 and 2
are commonly treated as linear with respect to stimulus cur
rents, and steps 3 and 4 are commonly treated as nonlinear
(e.g. multi-compartment conductance-based models). In this
section, we will investigate whether the linear activating function, representing the first two transformations above, can
be used to reproduce the ERF. This approach is equivalent
to Scheme 2 in figure 1, where the activating function at one
or few locations drive the cell and cellular integration can be
neglected. Following this, in sections 3.4 and 3.5, we will
investigate whether step 3—the integration of activating function inputs—can also be approximated as linear, with only
spiking behavior being treated as nonlinear.
The input into the cell from electrical stimulation (the activating function) is determined by the extracellular potential
via a second-order difference equation, as shown in equation (9). Hence, the activating function is a linear function of
the electrode stimuli. Figure 4 shows an example of extracellular potential and the activating function for the simulated
7
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Figure 3. The linear–nonlinear model for electrical stimulation. Following simulation of 20 000 random amplitude multi-electrode stimuli,
spike-triggered covariance (STC) [39, 50, 51] analysis was conducted on the stimuli which elicited a spiking response. (a) The ERF
recovered from PCA on the spike-triggered data (solid black) was compared to the root mean square (dashed black) of a null distribution
of ERFs. Electrodes found to be significant are indicated by stars. The inset shows the location of the cell being stimulated (black) relative
to the array. Colors shown on electrodes correspond to the magnitudes in the the line plot with dark red corresponding to positive 1 and
dark blue corresponding to negative 1. (b) Eigenvalues of the spike-triggered stimuli recovered by PCA are plotted, normalized by the
variance of the input stimuli. The shaded region represents the 95% confidence intervals around the null model, revealing one dominant
and one marginally significant component. (c) All stimuli were projected onto the first two principal components, with spike-triggered data
represented by blue stars. Positive and negative stimuli were defined using the sign of the projection onto the first component, yielding
positive (circle) and negative (diamond) spike-triggered averages. (d) The nonlinear function recovered by fitting a double sigmoid (solid
black) to the spike probability data projected by the ERF (crosses).

system. As illustrated in figures 4(a)–(f), due to linearity,
both the extracellular potential and the activating function
induced by multiple electrode stimulation can be determined
by superposition of the induced behavior from stimulation
with each electrode individually. This quality allows us to
separate out the activating function for each compartment into
an activating vector with components arising from each electrode. Subsequently, to determine the transmembrane current
induced by arbitrary simultaneous stimulation from all electrodes, we need only to scale the elements of this vector by the
set of stimulus current amplitudes and sum together to obtain
the superposition.

As can be seen in figures 4(d)–(f), the activating function can vary significantly from one compartment to another,
even over a small distance. The reason for this is illustrated in
figures 4(g) and (h). The first derivative of the extracellular
potential along a neurite (i.e. an axon or dendrite) is proportional to the current flowing along that neurite. The second
derivative of the extracellular potential then indicates the
change in that extracellular current flow along the neurite,
corresponding to the amount of current flowing into the neurite: the activating function. As a second derivative in space,
the sign and magnitude of the activating function at a par
ticular location is highly sensitive to the three-dimensional
8
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Figure 4. Illustration of the linear component of the biophysical model. ((a)–(c)) Due to linearity, the addition of the induced extracellular
potential from two single-electrode stimuli is equal to the induced extracellular potential from simultaneous stimulation with both
electrodes. Stimuli waveforms are shown as small traces over electrodes, and the outline of the cell being stimulated is shown to right of
the center electrode. ((d)–(f)) Similarly, the induced activating function at a cell compartment in response to two single-electrode stimuli
(two components of the activating vector) can be summed together to determine the induced activating function in response to simultaneous
stimulation. Insets show the activating function along the SOCB. (g) Illustration of the first and second derivative of the extracellular
potential along a neurite (i.e. an axon or dendrite). The first derivative is proportional to the extracellular axial current flow ( Je ) and the
second derivative is proportional the transmembrane current (i.e. the activating function, f). (h) Illustration of the sensitivity of the activating
function to both extracellular potential (background color) and neurite orientation for a short segment of curved neurite. The color of the
outer layer of the neurite represents the first derivative of the extracellular potential in space along its axis. The inner layer of the neurite
represents the second derivative of the extracellular potential along its axis. In all subplots and for all measures shown (activating function,
extracellular potential, and its derivatives), red represents a positive value, white represents zero, and blue represents a negative value.

orientation and curvature of the neurite at that location. For a
convoluted structure such as a neuron, this results in the rapidly changing activating function seen in figures 4(d)–(f) and
exemplified in figure 4(h).

activating vector at the soma and the SOCB. For these and
subsequent comparisons, the activating vector refers to the
vector of average current flow into a compartment during the
first phase of a 1 μA stimulus from each electrode. For the
SOCB, since it consisted of a series of adjacent cell compartments, the activating vector across all those compartments was
first summed together to determine the total current flowing
into or out of the SOCB. To compare ERFs with activating
vectors, both were first converted to unit vectors to eliminate
differences in scale.

3.3. Comparison of the electrical receptive field
and the activating function

To assess the validity of Scheme 2 in explaining the linear–
nonlinear model, each RGC’s ERF was compared to the
9
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on the cell response. Due to the large size and proximity of
the soma with the SOCB, axial current flow into the SOCB
that originated from the soma was incorporated. A weighted
sum, fws , of the activating vector at the SOCB and soma was
calculated as
fws = (1 − wsoma )fSOCB + wsomafsoma .
(10)

This represents a model of the SOCB in which membrane
depolarization and spiking is driven by transmembrane cur
rents entering at the SOCB and axial currents that originate as
transmembrane currents in the soma.
The weight attributed to the soma activating vector,
wsoma , was varied from 0 to 1 in increments of 0.0001 and
the optimal value selected based on correlation with the ERF.
The optimized weighted sum of activating vectors generally achieved a markedly higher correlation with the cell’s
ERF when compared to the SOCB or soma activating vectors alone. Figure 5(a) shows this optimization for the same
cell analyzed in figure 3, with the correlation of the SOCB,
soma, and optimized weighted combination of both indicated
by square black markers. For the example shown, the optimal
soma weight was approximately 0.36, giving an optimized
correlation with the ERF of 0.98, compared with 0.82 for
the SOCB activating vector and 0.37 for the soma activating
vector. Figures 5(a)–(c) compare the ERF with the SOCB,
soma, and weighted sum activating vectors, respectively.
To determine the overall equivalence of the activating
vector and the ERF across all six cells and at all three locations
(see figure 2), the activating vector and ERF vectors from each
combination (18 in total) were concatenated before calculating
correlation between the two concatenated vectors. This was
completed for the activating vector at the SOCB, the soma, and
the optimized weighted sum of both. This demonstrated that
the activating vector at the SOCB, with a correlation of 0.841
(p  =  0.009), performed far better at predicting the ERF than
the activating vector at the soma, with a correlation of 0.730
(p  =  0.281). Furthermore, the optimized weighted sum of the
SOCB and the soma activating vector did better still, with an
overall correlation of 0.932 ( p = 0.000 120 ). Across all cells
and locations tested, optimized soma weights ranged from 0
to 0.36, with an average of 0.088. The p-values reported above
were calculated as described in section 2.5.
This result suggests that the ERF captures aspects of the
activating function, or the currents entering the cell, as well
as the intracellular integration of an important subset of those
inputs; in this case, the inputs into the SOCB and the soma.
Importantly, since the ERF has been reconstructed using a
linear combination of the activating vectors at the SOCB and
the soma, it suggests that intracellular integration of inputs
from these compartments can be approximated by a linear
function.

Figure 5. Comparison of the electrical receptive field
and the activating vector. (a) The weighted sum of the
activating vector at the SOCB and soma, calculated as
fws = (1 − wsoma )fSOCB + wsomafsoma , is compared to the ERF. The
correlation of the weighted sum of activating vectors and the ERF
is maximized by a soma weighting of approximately 0.36 (dashed
black lines), representing the influence on spiking activity of axial
currents flowing into the SOCB from the soma. The correlation
of the activating vector at the SOCB and the soma with the ERF
is indicated by blue and red dashed lines, respectively. (b)–(d)
Show comparisons of the ERF (dotted grey) with the SOCB
(blue), soma (red) and optimized weighted sum activating vectors
(black), respectively. Square black markers in (a) correspond to the
activating vector combinations in (b)–(d). The analysis presented in
this figure was conducted on the same cell as for figure 3.

In agreement with the assumption that the SOCB is the site
of action potential initiation [22], the activating vector at the
SOCB generally matched well with the ERF of the cell (figure
5(b)), whereas the soma had less agreement (figure 5(c)). The
discrepancies seen between the SOCB activating vector and
the ERF were likely due to transmembrane currents (activating
function inputs) at other locations in the cell having an impact

3.4. Comparison of active and leaky integrate-and-fire
neuron models of RGCs

The true biophysical system describing neural activation
of RGCs is complex, involving nonlinear spatio-temporal
dynamics across the compartments of the neuron. To clarify
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the essential biophysical processes that allow the behavior of
this model to be captured by the linear–nonlinear model and
the ERF, we considered whether a simpler and largely linear
biophysical model (Scheme 3) would yield a similar ERF to
the biophysical model with active cell dynamics (Scheme 1).
For cells in which spiking is thought to predominantly initiate at one or a small number of locations (e.g. the SOCB),
it is possible that the spiking response of the cell can be
accurately represented by a biophysical model that largely
neglects active membrane dynamics, with only fixed spiking
thresholds applied at the sites of spike initiation and passive
membrane properties elsewhere (i.e. leak conductance and
capacitance). In contrast to the active biophysical model of
Scheme 1, this approach treats the summation/integration of
spatially distributed inputs into the cell as linear, in addition
to using a linear description of extracellular potential and
the activating function, as in Scheme 3 (see figure 1). In this
model, nonlinear behavior is modeled only by the application
of a spiking threshold at one or several fixed locations, operating on the passive/linear membrane potential. To investigate
this, the results of an active model, such as that analyzed in
figures 3 and 5, were compared to the response from a neuron
model with passive (linear) membrane dynamics and a firing
threshold applied at the SOCB. The passive model differs in
that all active membrane dynamics are replaced by a single
firing threshold at the SOCB, but the models are otherwise
identical. For consistency, the threshold applied at the SOCB
was chosen to ensure a similar proportion of stimuli resulted
in spikes as was seen for the active model. These integrateand-fire thresholds varied from 8 mV to 15 mV above resting
membrane potential, with a mean of 11.8 mV.
The result of this comparison is shown in figure 6 for the
same cell analyzed in figures 3 and 5. Figure 6(a) shows that
a single principal component dominated for both the active
and passive models. Although in both active and passive cases
only one component was significant, the second component
in the active model contained a small amount of information.
This result suggests that the second component for the active
model was influenced by spikes initiated at locations other
than the SOCB. Despite this small discrepancy, figure 6(c)
shows that the ERFs recovered from both models were similar. The observed discrepancies can be related to the differences between subthreshold dynamics in active and passive
models, and are discussed further in section 4.2. In addition,
by conducting the same analysis of activating vectors at the
SOCB and soma, almost identical weights for each location
were suggested by both active and passive models (as demonstrated in figure 6(b)). The soma weight was 0.358 for the
active model and 0.366 for the passive model, resulting in the
almost identical weighted sum activating vectors shown in
figure 6(d).

Figure 6. Spike-triggered analyses conducted on cells with active
versus leaky integrate-and-fire (LIF) membrane dynamics. (a) The
normalized eigenvalues recovered from PCA on spike-triggered
data simulated using active and LIF (passive) models of neural
activity. Characteristics of the active model are mostly captured
using a passive model of membrane potential with a single spiking
threshold applied at the SOCB. (b) The correlation between (1) the
weighted sum of SOCB and soma activating vectors and (2) the
ERF calculated from active and LIF neuron models. The optimal
weighted sum of activating vectors at the SOCB and soma are very
similar for both models, implying similar contributions from each
location. (c) Comparisons of the ERFs recovered from PCA on
data simulated using active (dashed) and passive (solid) models. (d)
Comparison of optimized activating vector weighted sums between
active (dashed) and passive (solid) neuron models. The analysis
presented in this figure was conducted on the same cell as for
figures 3 and 5.

the SOCB and the soma. Furthermore, we have shown that
the ERF predominantly determined by passive integration of
inputs from these locations to give the membrane potential at
the SOCB. More generally, this indicates that the ERF is the
result of passive integration of inputs at locations near the site
or sites of action potential initiation. To test this further, we

3.5. Biophysical determination of activating function
contributions to the ERF

The forgoing result indicates that the ERF of the linear–nonlinear model is well approximated by an optimal weighting of
the activating vectors from a small number of compartments:
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Figure 7. Linear integration of activating function inputs. When modeling a multi-compartment neuron with passive membrane dynamics,
integration of spatially-distributed current inputs is linear. (a) Equal magnitude currents were injected one by one at several locations
(indicated by dotted lines) in a simulated multi-compartmental neuron. The locations correspond to a dendrite (1), the soma (2), the SOCB
(3), and the axon (4). The axon is colored red and the soma is shown as a large black circle. The membrane depolarization in response to
each of these injections was recorded at location 3 in the SOCB, indicated by the grey triangle. (b)–(e) Simulated membrane depolarization,
di, at a single location in the SOCB is shown in response to each current injection. The color of the trace corresponds to the color of the
injection in (a). (f) Stacked area plot showing depolarization at the SOCB in response to simultaneous current injection at all four locations.
Colored sections of the area plot indicate the contribution of the individual injections/depolarizations. Due to the linearity of integration,
the depolarization observed when injecting at all locations simultaneously is equal to the sum of the depolarizations observed from each
injection in isolation. For a particular point in time, tmeas, the linear integration of inputs at the SOCB (or any location) can be represented as
a weighted sum of injected inputs. Following injections of equal magnitude into every compartment, the weight of a particular compartment
can be calculated as the ratio of its contribution to the sum of all depolarizations at that point in time.

examined whether the weighting of inputs at different compartments could be determined biophysically from the linear
properties of the cell as opposed to through a brute-force
optimization, and whether or not this weighting is effective in
the predicting the ERF.
Intuitively, the size of the contribution of each compartment to membrane depolarization at the site of action
potential initiation should depend on the morphology and
membrane dynamics of the cell only. If the cell can be accurately described using a linear membrane model with spiking
determined by a nonlinear threshold at a single location, then
linear cable theory and its extension to multi-compartmental
models implies that the membrane depolarization at that location at a given point in time can be approximated by

Vm,t ≈ St · fws = St ·
wnfn ,
(11)

Figure 7 demonstrates the linear integration at the SOCB of
several spatially-distributed cellular inputs. Figure 7(a) shows
the locations of four compartments receiving injections: one
in a dendrite, one in the soma, one in the SOCB, and one in
the axon. The calculated total SOCB depolarization, shown in
figure 7(f), is equal to the sum of the depolarization observed
due to each input in isolation, shown in figures 7(b)–(e). Since
the location of one of these injections corresponds to the location at which we are measuring depolarization (the SOCB),
this injection has the largest contribution while compartments
further away have progressively attenuated contributions. The
depolarizations are also more delayed and more temporally
spread out the further the injection site is from the SOCB. The
relative size of the contribution of each compartment, wn, can
thus be determined by injecting current into each compartment in a passive model of the cell and measuring the resulting
membrane depolarization at the site of spike initiation.
Figure 8 shows the result of this analysis graphically for
the same cell analyzed in figures 3, 5, and 6. Figure 8(a) shows
the weights calculated for each compartment, as determined
by the size of the membrane depolarization at the SOCB in
response to a current injection, measured shortly after stimulus
onset (approximately 0.1 ms after onset). This time is analogous to tmeas in figure 7. To convert voltage depolarizations at
the SOCB to weight percentages, depolarizations for all compartments were normalized by their sum and multiplied by
100. To determine which compartments in the cell would be
most influential on spiking, the product of the passive compartment weights and the norm of their activating vectors was

n

where fn is the activating vector for the nth compartment in the
cell and St is the vector of current amplitudes delivered to each
electrode in a stimulus at time, t. The set of wn’s are the weights
assigned to each compartment, describing their influence on
the membrane potential at the SOCB, and fws is the weighted
sum of activating vectors. Hence, at each point in time, the
linear intracellular integration of inputs into the cell can be
represented by a linear combination of the current flowing
into each compartment. In the case of a simple cylinder, the
weight assigned to each compartment, wn, in equation (11) can
be determined analytically from the solution of the cable equation. This is demonstrated in detail in the appendix.
12

T B Esler et al

J. Neural Eng. 15 (2018) 055001

Figure 8. The biophysical representation of the linear–nonlinear model. (a) Biophysical weights are determined from the passive
membrane depolarization resulting from the injection of equal current into each compartment. These weights are represented by bubble size
and color. (b) To determine the order of importance of each compartment on spiking at the SOCB, the biophysical weight is multiplied by
the norm of the activating vector at each compartment. Larger bubbles represent compartments expected to have a greater influence on cell
response. (c) Using the importance ordering depicted in (b), the activating vectors at each compartment are progressively weighted together
using the weights depicted in (a), and correlation with the ERF is calculated. The type of compartment (soma/initial segment/axon/dendrite)
added to the weighted sum activating vector at each step is indicated by marker shape. Note that the initial segment consists of the first 130
μm of the axon originating from the soma and includes the SOCB. The best reproduction of the ERF is achieved with 10 compartments,
indicated by dashed black lines. (d) The 10 compartment (top) and all compartment (bottom) biophysically-weighted activating vector is
compared to the ERFs recovered from LIF (passive) and active neuron models. The analysis presented in this figure was conducted on the
same cell as for figures 3, 5 and 6.

in figure 8(b), each weighed by the weights indicated in
figure 8(a). The result of this process is shown in figure 8(c),
with almost perfect agreement between the ERF and a weighted
combination of the activating vectors of 10 compartments (correlation of 0.997, figure 8(d) top). Namely, these compartments
were the somatic compartment, eight of fourteen SOCB compartments and one additional axonal compartment. The correlation was reduced by the addition of more components to
the linear combination, with the correlation of the ERF using
all compartments being 0.904. The introduction of this error
was likely to be due to the differences between passive and
active sub-threshold membrane dynamics and is explored in the

calculated and is displayed in figure 8(b) (the norm of the activating vector at a compartment is a measure of the influence
of electrical stimulation on that compartment). The size of the
bubbles represents the relative expected influence on the cell’s
response. Note that while the soma has the greatest weight of
any single compartment, the overall influence of the SOCB
is greater because it comprises several compartments with a
greater sum of weights.
To reconstruct the ERF using a fully biophysically-determined linear combination of activating vectors, the neuron
model compartments were progressively weighted and
summed together according to the importance order indicated
13
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Figure 9. Multiple electrical receptive fields for multiple sites of action potential initiation. (a) Stimuli are projected onto the first two
principal components recovered from PCA on all spike-triggered data. Spikes found to be initiated at the SOCB (S1) and the soma (S2)
are indicated by blue and red stars, respectively. PCA was repeated on the SOCB- and soma-initiated spike-triggered data separately,
yielding independent positive (circle) and negative (diamond) spike-triggered averages for each spiking location. (b) Eigenvalues of the
spike-triggered stimuli recovered by PCA are plotted. Eigenvalues recovered from PCA of all spiking data, SOCB-spiking data, and somaspiking data are shown by gray, blue, and red circles, respectively. The shaded region represents the 95% confidence intervals around the
null model for the SOCB-spiking analysis. The ratio of the first to second eigenvalue is decreased in each of the SOCB- and soma-only
analyses when compared to the pooled spikes. (c) The optimal activating vector weight for the soma is calculated for each spiking initiation
location, with the optimization curves shown in blue and red. The solid black curve shows the same analysis for the ERF calculated on the
pooled spiking data. ((d)–(f)) The pooled (d), SOCB-specific (e), and soma-specific (f) ERFs are compared to the optimized weighted sum
activating vector reproductions at each location. In each sub-figure, the dashed line shows the appropriate ERF and the solid line shows the
weighted activating vector. Note that for the soma optimization (red), the sum of the activating vector at the soma and the set of adjacent
compartments was used to represent the soma. Square black markers in (c) correspond to the activating vector combinations in (d)–(f).

Discussion. These results indicate that RGC responses to electrical stimuli are primarily driven by an approximately linear
integration of inputs (as in Scheme 3 of figure 1), and that this
linear integration corresponds to the ERF.

dominant component. The requirement for multiple principal components means that the stimulus-space boundaries
between spike-triggered and non-spike-triggered data are nonlinear, as shown in figure 9(a). For this cell, it was observed
that although some spikes were initiated at the SOCB a subset
of spikes were initiated elsewhere in the cell, in the soma in
this case. Figure 9(a) shows the stimuli projected onto the first
two principal components. In both figures 3(c) and 9(a), the
boundaries between spiking and non-spiking data represent
a map of the cell’s stimulus threshold with respect to the first

3.6. Multiple electrical receptive fields for multiple
initiation sites

Unlike the example cell used in figure 3, principal component
analysis performed on one cell analyzed did not yield a single
14
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Figure 10. Demonstration of sorting SOCB and soma generated spikes. (a) Membrane potential traces from the SOCB for spikes initiated

by the activating function (AF) entering the SOCB. For both net cathodic-first (blue) and net anodic-first (red) current inputs, SOCBinitiated spikes are characterized by the polarity of the depolarization seen at stimulus onset persisting through the first stimulus phase.
When the axial current originating from the soma propagates to the SOCB (indicated), it results in a minor, but not dominant suppression
of polarization. Thick blue and red lines show the average membrane potential for SOCB-initiated spikes. (b) Membrane potential traces
from the SOCB for spikes initiated by the activating function entering the soma. For both net cathodic-first (blue) and net anodic-first (red)
current inputs, soma-initiated spikes are characterized by the polarity of the depolarization seen at stimulus onset switching during the
first stimulus phase. When the axial current originating from the soma propagates to the SOCB (indicated), it results in causes a reversal
of polarization at the SOCB. Thick blue and red lines show the average membrane potential for soma-initiated spikes. The full membrane
potential traces are shown in insets. (c) and (d) Show membrane potential traces at the soma in response to the same stimuli as in (a) and
(b), respectively. The analysis presented in this figure was conducted on the same cell as for figure 9.

being primarily driven by the soma, and hence these spikes
were classified as soma-initiated spikes. Spikes were classified as SOCB-initiated spikes if the membrane potential at the
SOCB was depolarized (hyperpolarized) at stimulus onset and
remained depolarized (hyperpolarized) for the remainder of
the first stimulus phase.
In contrast to the pooled spike-triggered data, each of the
sub-populations of spikes was more accurately described by a
single linear filter (a weighted sum of stimulus currents). This
can be seen in the eigenvalues shown in figure 9(b), which
show that the relative importance of the second eigenvalue
was much larger for the pooled spike-triggered data when
compared to the SOCB- and soma-initiated sub-populations.
Hence, although the ERF of a cell may not be fully captured
by a single linear filter, the ERF associated with each initiation
site can be.
For both spike-initiation sites, a weighted sum of the
activating vector at the SOCB and soma was optimized to
maximize correlation with the relevant ERF, as shown in

two principal components. Unlike in figure 3(c), in which the
stimulus threshold is approximately linear, the boundaries in
figure 9(a) between spiking and non-spiking data are better
described using a piece-wise linear function.
Following simulation of 20 000 randomly generated
stimuli, spikes were sorted by initiation location, either the
SOCB (blue) or the soma (red). For the cell used to generate
figure 9, the activating function at the soma had opposite
polarity to the activating function at the SOCB for the vast
majority of stimuli, meaning that a depolarizing input at the
SOCB almost always coincided with a hyperpolarizing input
at the soma. Due to this, as illustrated in figure 10, spikes were
able to be classified as soma-initiated spikes if the membrane
potential at the SOCB was depolarized (hyperpolarized) at
stimulus onset, before the arrival of axial current originating
from the soma, but hyperpolarized (depolarized) at the end of
the first stimulus phase, due to the dominanting influence of
axial current from the soma. When this behavior was observed,
it indicated that the membrane potential at the SOCB was
15
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to the ERF being determined largely by passive integration
of stimulus-induced transmembrane currents at a single site
of action potential initiation, typically the SOCB, as shown
in figures 5 and 8. In addition, we showed that the existence
of additional sites of initiation can result in the cell response
being driven by multiple distinct linear projections of electrode currents. These linear projections were shown to correspond to the ERFs associated with each initiation site, as
shown in figures 9 and 11. In figure 9(a), the boundaries
between spiking and non-spiking data indicate a map of the
cell’s stimulus threshold with respect to the first two principal components. In agreement with Jepson et al [18], this
threshold is best described by a piecewise linear function,
shown here to be caused by the interaction of multiple initiation sites.

figure 9(c). This shows that for spikes initiated at the SOCB
(blue), a weighted sum of the activating vector at the SOCB
and soma best reproduced the ERF (r  =  0.978, wsoma = 0.128 )
and for spikes initiated at the soma (red), the weighted sum of
the activating vector at the soma and adjacent compartments
best reproduced the ERF (r  =  0.970, wsoma = 1). In both
cases, the appropriate ERF was more accurately reconstructed
using activating vectors than could be achieved for the ERF
determined from the pooled spiking data (black) (r  =  0.854,
wsoma = 0.101). The difference in the ERF between the SOCB
and the soma, and the high accuracy of these optimized fits is
evident in figures 9(e) and (f).
Finally, the ERF associated with each site of action potential initiation was reconstructed biophysically using a linear
combination of activating vectors at nearby compartments.
The weights and order of importance of each compartment in
the cell were determined as in the previous section: by measuring membrane depolarization at the site of action potential
initiation in response to current injection in each compartment. This yielded weights for each compartment for each of
the SOCB and the soma, as shown in figures 11(a) and (d),
respectively. By progressively combining the activating vectors from each compartment using these weights, it was found
that the ERF of each site could be accurately reproduced by
the linear combination of the activating vectors from only 8
nearby compartments, as shown by figures 11(b) and (e).

4.2. Biophysical reproduction of the ERF

Figures 5(a) and 9(c) show the results of optimizing a weighted
sum of the activating vectors at the SOCB and the soma to
maximize correlation with the ERF. This reveals that there
exists a weighted combination of these activating vectors that
more closely resembles the cell’s ERF than either component
in isolation. Although this may seem compelling based on the
size of the correlation between the two vectors, there is no
guarantee of causality between the activating function and the
ERF. This ambiguity is largely overcome by removing any
reliance on brute force optimization of the weight, and instead
inferring weights by probing the passive properties of the cell,
as shown in figures 8 and 11. These biophysical weights are
what is expected to have a causal influence on spiking. By
determining the weights used to combine activating vectors
biophysically, the possibility of finding a high correlation by
chance is reduced.
For both optimized weights and biophysically determined
weights, it is important to make clear the distinction between
the weight of a particular compartment and its influence on
the ERF. In figure 8, we show that the weight of each compartment can be determined purely from the morphology and
passive properties of the cell, and hence is independent of the
location of the cell relative to the electrodes. The weight is a
factor that is used to scale the transmembrane currents flowing
into the compartment to determine its influence on the cell. It
is the transmembrane currents that are dependent on the location and orientation of the cell. In theory, even if the weight
associated with a compartment is large, its influence may be
small if the activating function at the compartment is small
enough.
Figure 8 most clearly demonstrates the biophysical basis
for the ERF of the linear–nonlinear model. As can be seen
in figure 8(d), the ERF of a RGC with active membrane
dynamics can be well reproduced by a fully linear description
of the cell and the retinal tissue, except for a spiking threshold
applied at the site of action potential initiation. In this simplified model, the only signal that determines spiking activity
is the membrane potential at the site of action potential initiation. Furthermore, as exemplified by figures 4 and 7, this

4. Discussion
Using a detailed modeling approach, the biophysical interpretation of the linear electrical receptive field of the retinal ganglion cell has been elucidated using a vector representation
of the activating function. The activating vector of a compartment gives the transmembrane currents induced by stimulation with each electrode. In all six cells examined, the ERF
could be accurately reconstructed using weighted sums of
activating vectors, which are, in turn, linear functions of the
stimulus currents. For cells for which multiple sites of spike
initiation exist, the analysis presented here suggests that, if an
ERF is defined per site, each can be accurately reconstructed
using weighted sums of activating vectors. In each case, the
weights comprising these linear combinations are determined
by the passive properties of the cell: its morphology and passive membrane dynamics.
4.1. Comparison to previous studies

Jepson et al [18] showed empirically that the neural responses
recorded from RGCs could be well described by using linear
functions of electrode currents, with a subset requiring piecewise linear descriptions. Similarly, Maturana et al [16] found,
using the same linear–nonlinear model used here, that most
cells were well approximated using a one-dimensional linear
projection of stimulus current amplitudes, with a subset
requiring a two-dimensional projection.
Our results demonstrate that the linear relationship between
RGC activation and the currents of multiple electrodes is due
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Figure 11. Biophysical representation of multiple ERFs in a single cell. Biophysically-determined compartment weights are determined

for each of the SOCB (a) and the soma (d) from passive membrane depolarization at each location in response to current injection in each
compartment. ((b) and (e)) The activating vectors at each compartment are progressively weighted together using the weights depicted in
(a) and (d), and correlation with the ERF at the appropriate location (SOCB or soma) is calculated. The type of compartment (soma/initial
segment/axon/dendrite) added to the weighted sum activating vector at each step is indicated by marker shape. Note that the initial segment
consists of the first 130 µm of the axon originating from the soma and includes the SOCB. ((c) and (f)) The best weighted sum activating
vector (solid line) for each spike initiation location (SOCB—blue, soma—red) is compared to the ERF at that location (dashed line).

membrane potential is fully determined by a linear combination of transmembrane currents (activating function inputs) at
compartments near that site, which are in turn a linear combination of stimulus currents. This represents a reproduction
of the linear–nonlinear model in biophysical terms, where the
linear filter (the ERF) is a linear combination of activating
vectors and the nonlinearity is a spiking threshold applied at
the spike initiation site.
The observed discrepancies between weighted combinations of the activating vector and the ERF, as shown in
figures 5(d) and 8, are likely due to differences between passive and active descriptions of the neural membrane. Since
the activating function at each location in the cell is a linear
function of the currents originating from each electrode, a
linear combination of these activating function terms is also a
linear function. Although only small errors exist in the linear

(passive) approximation of the ERF by the activating function,
in the complete active system, the ERF will be influenced to
some degree by active membrane dynamics at locations other
than the sites of action potential initiation. For example, due
to the increasing influence of active dynamics as membrane
potential approaches threshold, locations that remain below
threshold but are driven close to threshold will likely have a
greater influence on spiking in an active model than a passive
model.
This effect is also expected to be responsible for the differences in the ERF seen when the cell is modeled with a
leaky integrate-and-fire model compared to an active model,
as shown in figure 6(c). Small differences in the relative
size of currents flowing into the SOCB from each compartment means that the ERF is comprised of a slightly different
weighted combination of activating vectors. Another likely
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threshold is exceeded at any point. As a second site of action
potential initiation, this would manifest as a secondary ERF
for an affected cell.
This phenomenon was not considered in this work due to
the focus on subretinal stimulation, under which activation of
passing distal axons is less likely to occur. In future work, the
accuracy of this model for epiretinal stimulation should also
be considered. Since the length of reconstructed axons rarely
extends beyond 500 μm, this analysis will require either new
morphological reconstructions or an approximation of RGC
axon trajectory.

reason for the discrepancies between actively- and passivelydetermined ERFs is that the LIF model only captures spikes
originating at the set of assumed sites of action potential initiation. The loss of the second significant principal component
in the passive model explored in figure 6(a) suggests that the
second significant principal component in the active model is
introduced by a small subset of spikes initiated at a second
location.
As can be seen from the curves of correlation versus
number of weighted compartments shown in figures 8(c) and
11(a), (b), the ERF is best reproduced by a weighted combination of a small number of compartments (<20). Beyond
this optimal number of compartments, the correlation with
the ERF decreases as more compartments are added to the
weighted sum. The quality of the reproduction (r  >  0.95)
suggests that the relative size of the weights for the handful
of most important compartments is accurate. However, the
fact that the correlation decreases with more compartments
suggests that the weights associated with the remaining, less
important compartments are too large. The overweighting of
these compartments, which have little effect on cell response
in reality, is again likely to have been caused by using a passive neuron description to approximate an active system. As
discussed above, active dynamics will tend to accentuate
larger depolarizations/weights, reducing the number of important compartments when compared to passive models. This is
evidenced by the fact that the ERF calculated from a cell with
leaky integrate-and-fire dynamics is almost perfectly reconstructed by the full combination of compartments (correlation
of 0.993, figure 8(d) bottom).

4.3.3. Temporal dependencies. A main focus of this work
was to explain the experimental results of Maturana et al [16]
and, therefore, our analysis of the simulated data followed the
same protocols as previously presented. For this reason and
for computational simplicity, only spatial relationships in neural activation (spatial ERFs) were considered, with no consideration of spatiotemporal interactions. In reality, membrane
potential is a function of time and depends on the temporal filtering properties of the tissue and the neuron being simulated.
This can potentially result in complicated linear responses in
membrane potential. As described in section 2.5, the system
was simplified by assuming that spiking behavior could be
inferred using the membrane potential 0.1 ms after stimulus
onset (during the first 0.5 ms phase). Although this is a strong
assumption, it is validated by the high quality of reproduction
of the ERF, as shown in figure 8. Therefore, extension of the
method to spatiotemporal interactions is unlikely to result in
large improvements. Nevertheless, due to the demonstrated
applicability of linear–nonlinear-type models in capturing
spatiotemporal responses to light stimuli, it is expected that
the method generalizes well to the spatiotemporal domain.
There may also be some level of influence on spiking from
previous stimulus applications. In this research, simulation
of all stimulus applications were performed on cells at rest,
neglecting any influence from previous applications. In the
experimental work of Maturana et al [16], white noise stimuli
were used to minimize the correlation between inputs. This
approach is thought to reduce cross-stimuli dependencies [54,
55]. In the application of models such as the linear–nonlinear
model in a clinical context, it may be necessary to take into
account the influence of the non-random stimuli being applied
over time.

4.3. Limitations
4.3.1. Network-mediated activation. The focus of this study

was direct, single-cell activation. As a result, no consideration was given to network effects in the retina and synaptic
inputs. Although direct activation of RGCs is important, it is
expected that excitation of the full retinal network will complicate the results presented here. For example, activation of
upstream cells in the retinal network (e.g. bipolar cells) may
result in more complicated, nonlinear responses from RGCs,
particularly for subretinal prostheses. Identifying sites of activation across the network, in addition to within a single cell,
could offer an extension to the approach used here, associating distinct ERFs with bipolar-initiated activation and direct
RGC activation.

4.3.4. Choice of nonlinearity. Experimentally, the spiking
response of a neuron to electrical stimulation can appear to
be stochastic and not deterministic. Empirically, the probability of a spike occurring is related to stimulus current by
a sigmoidal nonlinearity. Consequently, the linear–nonlinear
model uses the sigmoidal logistic function as its nonlinearity.
The full biophysical model has complex dynamic non-linearities arising from its active channel dynamics, but results in
the same double-sided sigmoidal non-linearity seen exper
imentally in the recovered linear–nonlinear model. In contrast, the integrate-and-fire version of the biophysical model
used to recover the linear–nonlinear model used a single-valued threshold to represent the spiking nonlinearity, which is

4.3.2. Subretinal versus epiretinal stimulation. The analysis

presented here and the experiments of Maturana et al [16] deal
only with subretinal stimulation. Epiretinal stimulation could
result more frequently in multiple sites of action potential initiation and hence multiple ERFs. Specifically, due to the proximity to epiretinal electrode arrays of overlying RGC nerve
fiber bundles in the nerve fiber layer, the probability of activation of the axon of a distal neuron is higher under epiretinal
stimulation [11, 42, 52, 53]. Since membrane potential is a
function of distance along the axon, a spike will result if the
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equivalent to a logistic function with infinite slope (i.e. a step
function). Both biophysical models are deterministic and so do
not capture the stochastic aspects of experimentally observed
neuron responses. The difference in nonlinearity between
these two biophysical models arises because integrate-andfire membrane dynamics cannot capture all possible factors
influencing neuronal spiking. These factors, which remain
undetermined here, account for stimuli that are suprathreshold
for the integrate-and-fire biophysical model, but nonetheless
deterministically fail to produce a spike in the full biophysical
model, and vice versa. Furthermore, the observation of stochastic behavior in neurons represents a baseline level of error
in reproducing biological responses.
For each site of spike initiation, we observed a proportion
of spikes for both cathodic-first and anodic-first stimulation,
as can be seen in figure 10. For this reason, a double-sided
sigmoid is needed to represent the probability of spiking. It
is likely that it is the transmembrane current during the netcathodic phase of the input that determines spiking (as this
depolarizes the membrane), whether a stimulus is cathodicfirst or anodic-first. This was confirmed from examination of
histograms of spiking latency. It may be that for some cells,
the likelihood of spiking is equal whether the stimulus is
cathodic-first or anodic-first. In these cases, a single-sided sigmoid could be used and instead applied to the absolute value
of the stimulus current instead of the amplitude. However, the
assumption that RGCs are equally sensitive to cathodic-first
and anodic-first stimulation is difficult to justify, and not necessary for this analysis. Using the double-sided form of the
nonlinearity preserves its generality, which has been shown
to be necessary for some applications of the model, such as
the modelling of network-mediated RGC responses [16].
Furthermore, it was found by Maturana et al [16] that the flexibility of a double-sided sigmoid was required to accurately
model direct responses in some cells.

specificity in stimulating specific cells or even locations
within cells, the greater proximity to cells and concentration
of stimulation current may result in more frequent cases of
multiple spike initiation sites. This effect has been recently
demonstrated experimentally using a high-density array on
cortical cells [58]. Despite these differences, similar descriptions of the ERF should apply due to the similarity between
the results presented here and those for high-density epiretinal
stimulation studies such as Jepson et al [18].
4.3.6. Neural dynamics. The neuron membrane model used

was based on that used by Jeng et al [45], which was adapted
from the model originally presented by Sheasby and Fohlmeister [46]. As mentioned in the Methods, the sodium channel conductance at the SOCB was set to be 20 times higher
than the rest of the cell. This value was chosen as it is approximately in the middle of the range of values suggested by Jeng
et al [45]. However, it is likely that this value would vary for
each cell and represents a limitation of the membrane model
used here. Although this and similar models have been valid
ated in several previous studies [47–49], there are likely to
be additional parameters that influence RGC activation, such
as additional ion channels [59] or temperature [60]. Despite
this, the ability of the chosen model to reproduce the exper
imentally-observed behavior of the linear–nonlinear model, as
shown in figure 3, demonstrates that the chosen membrane
model is likely to be sufficient. Furthermore, due to the high
level of agreement between the active membrane model and
the leaky integrate-and-fire model, as shown in figure 6, it
is unlikely that a model with a more complex set of active
membrane channels would yield substantially better results.
However, one observation made during the development of
the simulations for this paper was that the shape of a cell’s
nonlinearity could be altered by varying the leak conductance
of the membrane. Specifically, it was seen that for small leak
conductances, only a one-sided nonlinearity was observed,
meaning that the cell was only spiking due to biphasic pulses
that were of a specific polarity (either anodic-first or cathodicfirst) and not both. This is likely because, for low leak conductances, the resistive properties of the cell membrane are more
dominant, causing the membrane voltage to switch polarity
more slowly between stimulus phases. For this reason, maximum depolarization/hyperpolarization is generally larger during the first stimulus phase compared to the second. Hence,
with lower leak conductances, spiking is only seen for stimuli
that result in a net-cathodic-first input into the cell’s site of
activation.
In all simulations presented here, inputs into neurons were
calculated using the activating function, which is related to the
second derivative of the extracellular potential longitudinally
along each neurite. Hence, this approach captures the longitudinal mode of neural stimulation: stimulation caused by the
flow of current axially along the neurite. This description of
neural stimulation is in line with the cable equation for active
neurons, as shown in equation (8). A transverse mode of activation also exists, caused by the flow of current orthogonally
across the neurite, depolarizing one side and hyperpolarizing
the other. The transverse mode is normally neglected, as was

4.3.5. Electrode geometry. In line with the work of Maturana
et al [16], simulations presented in this paper used large (400
μm diameter) electrodes, with large inter-electrode spacing
(1 mm). Although large electrodes are relevant to some existing clinical visual prosthesis electrode arrays, small-electrode,
high-density arrays are becoming increasingly common [18,
52, 56, 57]. However, due to the perpendicular distance
between the ganglion cell layer and electrodes in subretinal
stimulation (i.e. the majority of the thickness of the retina),
there is a significant amount of current spread from each electrode and interactions of the electric fields of adjacent electrodes before current reaches RGCs. Hence, it is possible that,
for high-density subretinal arrays, contributions from adjacent electrodes to the ERF (and the activating function) are
similar and do not significantly alter the result presented here.
More benefit may be gained from high-density arrays, however, if more sophisticated stimulation procedures are used
that account for interactions in the electric fields of adjacent
electrodes.
In the case of epiretinal stimulation, however, smaller
electrodes and higher density arrays may have a clearer
impact. Although dense electrode arrays may afford a greater
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the case in the present model, being generally considered to
have a much smaller influence than the longitudinal mode.
However, in [31] an analysis was completed showing the conditions under which each mode dominates, showing that, for
the conditions considered here (stimulus pulse duration of
500 μs and electrode-neuron separation of 360 μm), the transverse mode may have a non-negligible influence. Future work
should be completed to incorporate the transverse mode of
activation and assess its influence on spiking behavior.

perfectly reconstructed using a weighted sum of activating
vectors from a small set (<20) of nearby compartments.
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4.4. Improved stimulation strategies

The equivalence of the activating function and the electrical
receptive field may be used to develop methods for improved
stimulation of retinal tissue. The activating function is determined completely by the electric field generated in the volume
in which a cell resides and the trajectory and diameter of the
cell’s neurites. By developing a fully biophysical description
of the linear–nonlinear model that depends only on known
anatomical and physiological features of retinal tissue and
RGCs, it will be possible to estimate the distribution of ERFs
over populations of RGCs and areas of the retina.
If the distribution of neurite orientations and sizes can be
determined (or assumed), a model may be developed for the
distribution of activating vectors in a particular region of the
retina. This may then be used to obtain a mean-field linear–
nonlinear approximation of neural response to multi-electrode
stimulation across the retina and for different cell sub-types.
Due to the simplicity of this type of model, it may be feasible
to perform numerical inversion, giving a set of electrode cur
rents that optimally achieve a desired RGC activation pattern.
This approach may allow for increases in resolution and perceptual outcomes given the same stimulation hardware.

Appendix. Analytic derivation of weights
for a cylinder
In the special case of a straight cylinder of infinite length, the
passive (linear) membrane depolarization in response to one
or many injected inputs can be determined analytically via
solution of the linear cable equation. Here, we demonstrate
the calculation of this depolarization for a single injected cur
rent and then for two injected currents.
The cable equation with a single current injection I1 at
location x  =  x1 is given by

5. Conclusion
The simple linear–nonlinear model of electrically-elicited
RGC responses presented by Maturana et al [16] has been
recovered from a multi-layered biophysical description of the
retinal tissue and a morphologically-accurate description of
RGCs. This process validates the assumptions made by the
linear–nonlinear model and offers an explanation for those
cases which deviate from the model. The linear electrical
receptive field of the linear–nonlinear model is determined
by the stimulus induced transmembrane current, or activating
function, at key locations in the cell: the high-density sodium
channel band and the soma. Here, we show that a RGC can be
accurately represented by (1) a purely linear approximation of
multi-electrode stimulation and the integration of inputs in the
cell followed by (2) a fixed spiking threshold at one or a small
number of locations. Further, these two phases correspond
directly to the linear projection and spiking nonlinearity of the
linear–nonlinear model, respectively. The results demonstrate
that a linear ERF can be accurately recovered for each identified site of action potential initiation, even for cells for which
a single linear description is insufficient. Furthermore, for
each site of action potential initiation, the ERF can be almost

1 ∂ 2 Vm (x, t) Vm (x, t)
∂Vm (x, t)
−
+
= I1 (t)δ(x − x1 ),
∂t
Ra
∂x2
Rm
(A.1)
where Cm is the membrane capacitance, Ra is the axial resist
ance, Rm is the membrane resistance, Vm is the membrane
voltage (relative to resting voltage), and δ(x − x1 ) is the Dirac
delta function.
By converting equation (A.1) into the temporal and spatial
frequency domains using the Fourier transform, the solution
can be given as
Cm

Ra e−jkx1
V̂m (k, ω) = 2
Î1 (ω),
(A.2)
k + α(ω)2

where
Ra
,
α(ω)2 = Ra Cm jω +
(A.3)
Rm

and V̂m and Î1 are the Fourier transforms of Vm and I1, respectively; and k and ω are the Fourier transform pairs of x and t,
respectively.
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For many current injections, at many different locations,
the cable equation becomes
Cm



∂Vm (x, t)
1 ∂ 2 Vm (x, t) Vm (x, t)
−
+
∂t
Ra
∂x2
Rm

=
In (t)δ(x − xn ).

[7] Fujikado T et al 2011 Testing of semichronically implanted
retinal prosthesis by suprachoroidal-transretinal stimulation
in patients with retinitis pigmentosa Investigative
Ophthalmol. Vis. Sci. 52 4726–33
[8] Hadjinicolaou A E, Meffin H, Maturana M I, Cloherty S L and
Ibbotson M R 2015 Prosthetic vision: patient outcomes and
retinal research Clin. Exp. Optom. 98 395–410
[9] Twyford P, Cai C and Fried S I 2014 Differential responses to
high-frequency electrical stimulation in on and off retinal
ganglion cells J. Neural Eng. 11 025001
[10] Jensen R J and Rizzo J F 2006 Thresholds for activation of
rabbit retinal ganglion cells with a subretinal electrode Exp.
Eye Res. 83 367–73
[11] Rattay F and Resatz S 2004 Effective electrode configuration
for selective stimulation with inner eye prostheses IEEE
Trans. Biomed. Eng. 51 1659–64
[12] Wilke R G, Moghadam G K, Lovell N H, Suaning G J and
Dokos S 2011 Electric crosstalk impairs spatial resolution
of multi-electrode arrays in retinal implants J. Neural Eng.
8 046016
[13] Shivdasani M N, Fallon J B, Luu C D, Cicione R, Allen P J,
Morley J W and Williams C E 2012 Visual cortex
responses to single- and simultaneous multiple-electrode
stimulation of the retina: implications for retinal prostheses
Investigative Ophthalmol. Vis. Sci. 53 6291–300
[14] Matteucci P B, Chen S C, Tsai D, Dodds C W D, Dokos S,
Morley J W, Lovell N H and Suaning G J 2013 Current
steering in retinal stimulation via a quasimonopolar
stimulation paradigm Investigative Ophthalmol. Vis. Sci.
54 4307–20
[15] Habib A G, Cameron M A, Suaning G J, Lovell N H and
Morley J W 2013 Spatially restricted electrical
activation of retinal ganglion cells in the rabbit retina by
hexapolar electrode return configuration J. Neural Eng.
10 036013
[16] Maturana M I, Apollo N V, Hadjinicolaou A E, Garrett D J,
Cloherty S L, Kameneva T, Grayden D B, Ibbotson M R
and Meffin H 2016 A simple and accurate model to predict
responses to multi-electrode stimulation in the retina PLoS
Comput. Biol. 12 e1004849
[17] Halupka K J et al 2017 Neural responses to multielectrode
stimulation of healthy and degenerate retina Investigative
Ophthalmol. Vis. Sci. 58 3770–84
[18] Jepson L H, Hottowy P, Mathieson K, Gunning D E,
Dabrowski W, Litke A M and Chichilnisky E J 2014
Spatially patterned electrical stimulation to enhance
resolution of retinal prostheses J. Neurosci. 34 4871–81
[19] Halupka K J, Shivdasani M N, Cloherty S L, Grayden D B,
Wong Y T, Burkitt A N and Meffin H 2016 Prediction of
cortical responses to simultaneous electrical stimulation of
the retina J. Neural Eng. 14 016006
[20] Sekhar S, Jalligampala A, Zrenner E and Rathbun D L 2016
Tickling the retina: integration of subthreshold electrical
pulses can activate retinal neurons J. Neural Eng. 13
046004
[21] Chichilnisky E J 2001 A simple white noise analysis of
neuronal light responses Network 12 199–213
[22] Fried S I, Lasker A C W, Desai N J, Eddington D K and
Rizzo J F 2009 Axonal sodium-channel bands shape the
response to electric stimulation in retinal ganglion cells
J. Neurophysiol. 101 1972–87
[23] Tahayori B, Meffin H, Dokos S, Burkitt A N and Grayden D B
2012 Modeling extracellular electrical stimulation: II.
Computational validation and numerical results J. Neural
Eng. 9 065006
[24] Rattay F 1986 Analysis of models for external stimulation of
axons IEEE Trans. Biomed. Eng. 33 974–7
[25] Rattay F 1989 Analysis of models for extracellular fiber
stimulation IEEE Trans. Biomed. Eng. 36 676–82

(A.4)

n

Similarly, the Fourier domain solution for multiple injections is given by
 Ra e−jkxn
V̂m (k, ω) =
În (ω).
(A.5)
k2 + α(ω)2
n

Hence, the response to many simultaneous injections is equal
to the sum of the responses to each injection, as can be seen
by comparing equations (A.2) and (A.5).
Equation (A.5) gives as a similar expression to that of
equation (11) in section 3.5, where here the weights are represented in the Fourier domain by

Ra e−jkxn
ŵn (k, ω) = 2
.
(A.6)
k + α(ω)2

The above expression for wn (k, ω) depends on both location
along the neurite/cell, x and time, t, via their Fourier domain
representations. Note that in equation (11), we consider the
weights at a specific location (the site of action potential initiation) and at a specific point in time, reducing the set of
weights, wn, to a set of constants.
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