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Abstract
The electrical properties of neural tissue are important in a range of different applications in
biomedical engineering and basic science. These properties are characterized by the electrical
admittivity of the tissue, which is the inverse of the specific tissue impedance. Objective. Here
we derived analytical expressions for the admittivity of various models of neural tissue from the
underlying electrical and morphological properties of the constituent cells. Approach. Three models
are considered: parallel bundles of fibers, fibers contained in stacked laminae and fibers crossing
each other randomly in all three-dimensional directions. Main results. An important and novel
aspect that emerges from considering the underlying cellular composition of the tissue is that the
resulting admittivity has both spatial and temporal frequency dependence, a property not shared
with conventional conductivity-based descriptions. The frequency dependence of the admittivity
results in non-trivial spatiotemporal filtering of electrical signals in the tissue models. These effects
are illustrated by considering the example of pulsatile stimulation with a point source electrode.
It is shown how changing temporal parameters of a current pulse, such as pulse duration, alters
the spatial profile of the extracellular potential. In a second example, it is shown how the degree
of electrical anisotropy can change as a function of the distance from the electrode, despite the
underlying structurally homogeneity of the tissue. These effects are discussed in terms of different
current pathways through the intra- and extra-cellular spaces, and how these relate to near- and
far-field limits for the admittivity (which reduce to descriptions in terms of a simple conductivity).
Significance. The results highlight the complexity of the electrical properties of neural tissue and
provide mathematical methods to model this complexity.

1. Introduction
Knowledge of electrical properties of neural tissue,
such as conductivity, is important in various
applications such as therapeutic electrical stimulation
of the nervous system [1–5], electrical impedance
tomography (EIT) [6], and interpretation of intrinsic
electrical signals in neuroscience [7–9]. A good model
of electrical stimulation improves our understanding
of electrical stimulation parameters and their effect on
tissue response.
It is usually assumed that neural tissue can be
described by a locally homogeneous conductivity or
© 2020 IOP Publishing Ltd

resistivity that captures the bulk properties of heterogeneous cellular microstructure. However, the cellular structure of tissue creates a complex partition of
intra- and extracellular spaces that are separated by
a high-impedance membrane. In neural tissue, the
length scales that characterize different aspects of this
microstructure vary over many orders of magnitude.
Neural tissue contains fibers that are thin but long,
in the order of a micron wide but hundreds to thousands of micrometers in length. Furthermore, these
fibers are tightly packed in neural tissue, so that the
extracellular space is very confined, around 50 nanometers in width [10, 11]. The assumption underlying the
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characterization of tissue electrical properties by a
simple electrical conductivity is that these microstructural inhomogeneities can be averaged out over
some length scale. However, when the averaging is
done carefully via a mean-field approach, it has been
shown this is not the case due to the complicated paths
taken by current through the tissue that pass between
extra- and intracellular spaces over a range of different
length scales [12, 13].
Intuitively, this is depicted schematically in figure 1,
where the intracellular space is shown in gray. The fibers are separated by a thin extracellular space shown in
blue, which has high effective specific resistance due to
its small cross-section. Close to the electrode, current is
forced to pass through this confined extracellular space
because the membrane impedance is very high. However, given sufficient length of passage along the fiber,
most of the current in that direction can gradually
pass through the membrane to access the intracellular
pathway, which has a larger cross-section and lower
effective specific resistance compared to the extracellular space. This current redistribution occurs over spatial scales dictated by the electrotonic length constant
of the neural fiber [14]. The length constant determines the spatial extent over which a perturbation in
the membrane potential of a neurite by a point source
stimulus can propagate to affect other sections [15].
Therefore, the effective conductivity changes as a function of the electrode-neurite separation, from smaller
to larger values as separation increases. This effect
cannot be captured by a simple tissue conductivity.
Furthermore, the membrane of each cell has a capacitive property due to its construction from a highly
insulating phospholipid bilayer, leading to a temporal
frequency-dependent impedance between the extracellular and intracellular spaces governed by the membrane time constant.
A modified approach that takes into account the
cellular composition of the neural tissue was proposed
in [12, 16, 17] which introduced tissue admittivity
with spatial and temporal frequency dependence to
replace the standard tissue conductivity. Admittivity is
the specific admittance of a material, and is the reciprocal of the specific electrical impedance. It is a complex quantity with real part corresponding to the conductivity and the imaginary part corresponding to the
susceptibility (here related to the membrane capacitance), with units of Siemens per meter. The aim of
the approach was to consider the effect of the cellular
composition of tissue, especially the microscale inhomogeneities starting from the underlying biophysics.
This was achieved by calculating how the admittivity
of tissue arose from the electrical properties of its cellular constituents. This admittivity is an estimation of
the bulk electrical properties of neural tissue, derived
directly from the impedance of individual neurites and
their surrounding thin extracellular sheath [12, 16].
The novel feature of the derived admittivity is that
it has both spatial and temporal spectral frequency
2

dependence, which leads to non-trivial spatiotemporal electrical filtering properties of neural tissue. While
the idea that the admittivity of a substance may exhibit
temporal frequency dependence is well understood,
the concept of a spatial frequency dependence is novel.
Its meaning and implications for electrical signals in
the brain are considered further in this paper.
The expression derived previously giving the spatial and temporal frequency dependence of the tissue
admittivity applied only to neural tissue with parallel
fiber arrangements, such as a fiber bundle [12, 13]. In
this study, we obtain expressions for the tissue admittivity of a more general class of neural tissue models
that involve fibers crossing with a variety of orientations. This models neural tissue with different cellular
morphologies and arrangements of fibers. Examples
of these tissues include laminar structures with fibers
in stacked two dimensional planes (similar to retinal
ganglion cells and amacrine cells in the retina, and apical or basal dendrites of pyramidal cells in the neocortex) and fibers radiating in three-dimensions (similar
to stellate cells in neocortex). This considerably broadens the scope of application of the approach to cover
many commonly encountered tissues in the nervous
system.
We find the range of spatial and temporal frequency dependence of the admittivity is relevant to
a wide variety of electrical signals in the brain, both
intrinsic and artificially induced, via electrical stimulation with neurostimulators. These signals operate
over a range of spatial and temporal frequencies. For
clinical neurostimulators, typically biphasic current
pulses are employed with durations around 1 ms down
to tens of µs (e.g. [18–21]) so that most of the power
occurs for temporal frequencies over 1 kHz but under
tens of kHz. The intrinsic signals of the brain such
as, alpha, beta and gamma band activities, operate in
lower temporal frequency ranges, from less than a 1 Hz
up to over 100 Hz [22]; while spiking activity is faster
with power up to around 1–2 kHz [23, 24]. The spatial
frequency range of bionic electrical stimulation has
significant power at the size and spacing of electrodes
on the stimulating array. This varies widely with different devices, with the densest arrays having around
100 cycles mm−1 [25, 26]. Intrinsically, brain structures show many different spatial scales including ion
channels, synapses, neurons, cortical columns areas,
gyri, and lobes that range from nanometers to tens of
centimeters scales [23]. Electrical activity in the brain
shows variation across a corresponding range of spatial frequencies (10−2–106 cycles mm−1).
To illustrate some of the main novel consequences
of having a spatiotemporal frequency-dependent tissue admittivity, we use the example of pulsed (monophasic) point source stimulation. We also show how
these consequences can be affected by different fiber
arrangements within the tissue. First, we show how
a variation in a temporal parameter, namely applied
pulse-width, can affect a spatial property like the pro-
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Figure 1. Schematic illustrating how current passes through neural tissue. Current (white arrows) from an electrode (black
triangle) passes through different paths beginning in the extracellular space (blue) and eventually entering the intracellular space
(gray) via the neurite membrane (brown). The size of the white arrows indicates the magnitude of the current. The neurites are
shown in a quasi-cross-sectional view to allow visualization of the different domains.

file of the extracellular potential. Second, we show that
for tissue with a homogeneous structural anisotropy
(i.e. the anisotropy does not change with distance from
the electrode, such as in a laminar structure) variation
in a spatial variable, namely distance from the electrode, can nonetheless affect the degree of anisotropy
in the electrical potential. These effects do not occur
with a simpler model of conductivity, but are expected
to have implications for the application of therapeutic
electrical stimulation to the brain via neural prostheses
and for interpreting intrinsic brain signals.

2. Methods
Conductivity and admittivity are defined in terms of
their role in constitutive physical equations linking
electric current to potential (e.g. Ohms law). In
this section, these type of equations are introduced
within the mathematical framework of the standard
volume conductor (for conductivity) and the
cellular composite model (for frequency dependent
admittivity). The cellular composite model is
introduced as a mean-field approximation to a more
fundamental but complex model consisting of many
closely packed, possibly crossing, fibers separated
from each other by a thin extracellular space. We then
describe the three cellular composite models of fiber
orientation considered in this study and use those
models to calculate the extracellular potential in the
presence of a point source electrode.
2.1. Fundamental tissue model
We begin by describing the fundamental and complex
model of neural tissue from which a simpler mean-field
3

approximation can be derived. Conceptually, the
model consists of many densely packed and typically
crossing neurites with a thin extracellular space
separating the membranes of neighboring neurites.
Each neurite, together with the thin extracellular
sheath (NTES) that surrounds it, is taken as a semimodular element; collectively the tissue is a composite
of NTES elements and the electrical properties of
the tissue are determined by some aggregation of
the electrical properties of its NTES elements. The
geometric model of an example NTES element
is shown diagrammatically in figure 2. It consists
of two concentric, infinitely long tubes, with the
inner tube representing the neurite, and the region
between the inner and outer tubes, representing the
extracellular space. The electrical potential in the
intracellular and extracellular spaces are governed
by Laplace’s equation, as per the standard volume
conductor in section 2.2 below, with resistivities ρi and
ρe, respectively. The neural membrane forming the
surface of the inner tube is modeled as an electrically
passive leaky integrator, with specific resistance, Rm
and specific capacitance Cm , giving a membrane time
constant τm = Rm Cm . Conceptually, the outer surfaces
of adjoining NTES elements fit together seamlessly,
leaving no gaps, such that the total width of the
extracellular space is approximately twice the width of
an individual sheath. In neural tissue, seamless, tight
packing is achieved due to irregular deformations
in the shape and spatial course of neurites, so that
the precise shape of each NTES element is unique.
Abutting NTES elements are coupled through the free
passage of current across their shared and irregular
shaped outer surfaces; mathematically the current
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Figure 2. Schematic showing an example of a geometric model element of a neurite plus thin extracellular sheath (NTES) that
forms semi-modular elements used to build the model. The neurite membrane is a long thin tube (brown) enclosing an intracellular
space (black). The thin extracellular space surrounding the neurite forms a roughly concentric annular tube (blue-gray), which for
clarity is drawn with a width several times thicker than occurs in biology relative to the neurite width. In tissue, the NTES element
would be packed around tightly with other NTES elements, but is shown here in isolation against a light gray background that is not
part of the model.

density and electrical potential are continuous across
these boundaries.
This model is highly complex due to the complicated, irregular interlocking NTES geometries. As
such, it is not amenable to mathematical analysis. In
appendix A we specify the model mathematically and
then systematically simplify it to derive a mean-field
approximation that takes the form the cellular composite model described in section 2.3. Broadly, this
involves the following steps:
•	Replacing the irregularly shaped NTES elements
with cylindrical NTES elements with similar
proportions and electrical characteristics.
•	Replacing the highly complicated coupling
between neighboring NTES elements, resulting
from their complex, interlocking geometry, with a
local mean-field coupling.
•	Mathematically simplifying the model and
neglecting fluctuations in the electrical potential
that occur on spatial scales finer than around ten
neurite diameters.

2.2. Standard volume conductor model
In the standard volume conductor approach [27, 28],
neural tissue is assumed to be purely conductive. The
current density, Je , and the extracellular potential, Ve ,
are related via the set of equations


Je = − σ∇Ve ,

(1)

∇ · Je = je ,

where σ is the constant conductivity of the tissue, ∇ is
the three-dimensional spatial gradient operator, ∇· is
the corresponding divergence and je is the volumetric
current density. The first equation is the constitutive
equation defining the conductivity as the constant
of proportionality between the current density and
the electric fields. The second equation stipulates
conservation of current: the volumetric current
density je is generally zero, indicated conservation of
circulating current at all points excepted at current

4

Table 1. Fourier transform notations.
1D spatial Fourier transform in z:

f´(x, y, kz , t)

2D spatial Fourier transform in (x, y):

f`(kx , ky , z, t)

3D spatial Fourier transform in (x, y, z):

fˇ(kx , ky , kz , t)

Temporal Fourier transform:

fˆ(x, y, z, w)

sources or sinks, such as electrodes where it is nonzero. More generally, when tissue is anisotropic, σ can
be considered a 3 × 3 symmetric matrix that describes
the conductivities in different directions [x, y, z],


σxx σxy σxz
σ = σxy σyy σyz  .
(2)
σxz σyz σzz

While it is possible to have non-zero off-diagonal
terms related to conductivity in oblique directions, it
is always possible to choose the axis directions to eliminate these so that σ is diagonal with conductivities
[σx , σy , σz ] in the [x, y, z] directions,


σx 0 0
σ = 0 σ y 0  .
(3)
0 0 σz
2.3. Cellular composite model
To account for the effect of the complicated cellular
micro-structure of neural tissue on its bulk electrical
properties a new mathematical formalism is
required that incorporates the effects of membrane
capacitance and complicated current paths between
the intracellular and extracellular spaces (refer to the
Introduction). The generalized cellular composite
model of neural tissue does this by replacing the
conductivity matrix in equation (1) with a tissue
admittivity kernel, ξ e (r, t) [12],
1
ξ ∗ ∇Ve ,
Je = −
(2π)2 e r,t
(4)
∇ · Je = je .
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Table 2. Fourier transform definition.
Signal

FT equation

Inverse FT equation


fˇ(k) =

h(t)

The admittivity kernel is also a 3 × 3 matrix,


ξxx (r, t) ξxy (r, t) ξxz (r, t)
ξ e (r, t) = ξyx (r, t) ξyy (r, t) ξyz (r, t)  ,
(5)
ξzx (r, t) ξzy (r, t) ξzz (r, t)

where ξxx (r, t), ξxy (r, t), etc are the admittivity kernels
corresponding to various directions. The major
difference to conductivity is that the admittivity
kernel ξ e (r, t) has both a spatial argument r = (x, y, z)
and a temporal argument t. These do not describe
the variation of a conventional, but inhomogeneous
conductivity, over space and time. Rather they are
arguments of a spatiotemporal kernel that is applied
to the extracellular electric field Ee = −∇Ve via
convolution instead of multiplication,


ξ e ∗ ∇Ve (r , t) =
ξ e (r , t  )
r,t


1
fˇ(k)e jk·r dk
(2π)3/2

1
h(t) = √
ĥ(w)e jwt dt
2π

1
f (r)e−jk·r dr
(2π)3/2

1
h(t)e−jwt dt
ĥ(w) = √
2π

f (r)

t  ∈R

r∈R3

× ∇Ve (r − r , t − t  )dr dt  .
(6)
The convolutional form has been rigorously derived
previously [12] in the case of tissue comprising
identical, closely packed, parallel fibers. For a more
general situation with tissue comprising crossed
fibers a partial derivation is provided in appendix A.
In either case the convolution can be understood
intuitively as follows. The temporal convolution
arises due to the effect of the membrane capacitance
which stores charge from the extracellular space so
that the dependence of extracellular current density
on the extracellular electric field, occurs not just in the
current instant but also at previous times. Similarly,
the spatial convolution captures the effects of current
paths between points in the extracellular space via
‘hidden’ intracellular pathways along fibers; it relates
extracellular current density to the extracellular
electrical field at distant points via these ‘hidden’ paths.
Perhaps the surprising aspect of this description is that
there is no need to describe intervening mechanisms of
currents, electric fields or potentials in the intracellular
space or neural membrane; their combined effect on
the extracellular current density is captured through
the contributions of the extracellular electric field at
points displaced in time and space (see [12] for deeper
explanation).
In the spatial and temporal frequency domain
equation (4) regains a simple multiplicative form
ˆJ̌ = − ξ̌ˆ ∇
ˇ ˆ
e
e V̌e ,
(7)
ˇ · ˆJ̌e = ˆǰe ,
∇

5

f (r) =

where the accents fˆ(r, ω) and fˇ(k, t) above any
spatiotemporal function f (r, t), represent the temporal
and three-dimensional spatial Fourier transforms,
respectively (a full description of the Fourier transform
notation is in table 1 with definitions of the form of the
ˇ = j[kx , ky , kz ],
Fourier transform in table 2). Here, ∇
which is the three-dimensional Fourier transform for
the operator ∇. The factor of 1/(2π)2 in the space-time
version of equation (4) is required as a normalization
factor by the convolution when using the unitary
definition of the Fourier transform, but vanishes in
the frequency domain. We will refer to the frequency
representation of the tissue admittivity kernel simply
as the tissue admittivity, ξ̌ˆ e (k, ω).
For tissue comprising identical, closely packed,
parallel fibers oriented in the direction of a unit column vector u , the tissue admittivity has been shown to
have the form [12],
ξ̌ˆ e,u (k, w) = ξˆˇe,T I3×3 + (ξ̌ˆ e,L (k, w|u) − ξˇˆe,T )uuT ,
(8)
d
ξˆˇe,T = ζe,T =
,
(9)
bρe
ξˆˇe,L (k, w|u) =ζe,L (kT u, w)
(10)
1 1 + jwτm + (kT u)2 λ20J
=
.
ρi 1 + jwτm + (kT u)2 λ20V

This expression was derived from the equations for
the impedance of a single neurite surrounded by
a thin extracellular sheath (to model the confined
extracellular space) [16]. Note that equation (8)
describes a matrix in which I3×3 is the 3 × 3 identity
matrix, and uuT is an outer product where uT defines
the transpose vector of u . The scalar quantities, ξˆˇe,T
and ξˆˇe,L (k, w|u) are the components of the admittivity,
ξ̌ˆ (k, w), that are transverse and longitudinal to the
e,u

fibers, respectively. ζe,T and ζe,L are abbreviations for
the particular functional forms given in equations (9)
and (10) in terms of kT u and w, which will be useful
later. The expressions capture the essential properties
of the fibers such as their orientation, diameter, and
membrane properties; τm is the membrane time
constant, ρe and ρi are the extracellular and intracellular
resistivities of tissue, respectively, b is the radius of an
ideal cylindrical neurite and d is the thickness of the
extracellular sheath (equal to half the width of the
extracellular space between neighboring cells). λ0J and
λ0V are the electrotonic length constants for the cable
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Figure 3. (a)–(c) Schematics showing arrangement of fibers in the three models considered in this study. (a) Fiber bundle model,
with all fibers parallel. (b) Laminar model with fibers confined to a series of stacked planes, but otherwise random in direction
(c) Isotropic model, with fibers arranged randomly in all three dimensions. Fibers are assumed to be tightly packed, but this is not
shown in the figure for clarity. (d) Schematic showing the cooordinate system used for all three models with alignment with respect
to the fibers as it appears in relation to (a)–(c) for the respective models.

equation [16] calculated under two different types of
boundary condition (to be explained below): current
density and voltage boundary conditions, respectively.
They can be expressed in terms of the physical
parameters of the fibers,
rm
λ20J =
,
re + ri
(11)
rm
λ20V = ,
ri
Rm
is the membrane’s unit length
2πb
resistance (units Ωm), Rm is the membrane’s unit area
ρe
resistance(units Ωm2 ), re ≈
is the extracellular
2πbd
ρi
resistance per unit length, and ri ≈ 2 is the
πb
intracellular resistance per unit length (units Ωm−1 ).
These length constants are defined through the
model of a neurite plus thin extracellular sheath [16]
when calculating the effect of electrical stimulation
along the neurite axis. The electrotonic length constants give the rate of exponential decay in the spatial
impulse response of the membrane potential for a neurite due to an extracellular stimulus. The stimulus can
be modeled either as current density or voltage applied
on a thin ring circumscribing the neurite at the boundary of the extracellular sheath surrounding a neurite.
The two different boundary conditions result in the
derivation of two versions of cable equation that have
different electrotonic length constants as represented
in equation (11). Both expressions for the length constants appear in the literature, but typically only one
is given, without clarifying the role of boundary conditions in determining the correct expression. While
the existence of two electrotonic length constants

where rm =

6

may seem counter-intuitive, they can be reconciled
if (and only if) the current density and voltage along
the boundary are related to each other by the equations for impedance of the neurite plus thin extracellular sheath, as derived in [16]. This is guaranteed by the
form of the admittivity given in equations (9) and (10)
in conjunction with the constitutive equation (4) for
the cellular composite model. These equations match
the specific electrical impedance of the tissue to that
of cellular constituents from which the tissue is composed (see [16] and [12] for a further discussion).
2.4. Three models of fiber orientation distributions
When tissue is composed of crossing fibers at many
orientations, in the direction of unit vectors u , with a
probability distribution P(u), the arguments advanced
in appendix A and summarised as dot points at the
end of section 2.1 can be used to show that the current
density inside a small volume containing sections from
many fibers can be approximated from the mean-field,

ˆJ̌ =
P(u)ˆJ̌e,u du,
e
(12)
|u|=1

ˆJ̌ = −ξ̌ˆ ∇
ˇ ˆ
(13)
e,u
e,u V̌e ,

where ξ̌ˆ e,u is the admittivity for tissue with fibers in
a single direction u . That is, the local (mean-field)
current density, ˆJ̌e , is the sum of current densities
from all fibers, of different orientations, with each
seeing the same (mean-field) extracellular potential,
Ve . As the only dependence on u appears through the
admittivity and equations (12) and (13) are linear, the
total admittivity of tissue with crossed fibers is given by
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ξe =
P(u)ξ e,u du.
(14)
|u|=1

Here, we consider three different neural tissue
models with different distributions of fiber orientation: the fiber bundle model, the laminar tissue model,
and the isotropic model (figure 3). These correspond
to tissue with fibers oriented in one, two, and three
dimensions, respectively.
Fiber bundle model: As shown in figure 3(a) this
model corresponds to tissue comprising identical,
closely packed, parallel fibers as described in the previous subsection. In this case, the orientation vector, u ,
can be defined trivially as
ufb = [0, 0, 1]T ,
(15)

assuming that the fiber is oriented along the z-axis.
Laminar model: As depicted in figure 3(b), neural
tissue is modeled as a stack of xy-planes on top of each
other with infinitely long straight fibers uniformly distributed in every direction within each plane. Note that
although this arrangement of fibers would in principle result in some fibers intersecting, mathematically
we do not allow current to flow directly between the
intersecting intracellular spaces. Rather current must
always flow between fibers via the extracellular space,
just as it occurs in real neural tissue in which fibers
twist and bend to pack tightly together in the extracellular space. Details of how this extracellular coupling
between fibers is achieved mathematically are given in
appendix A. The orientation vector is defined as
lm

T

u = [cos θ, sin θ, 0] ,
(16)

and the probability density function, P(θ), is
defined to be uniform over the unit circle such that

P(θ)dθ = 1, which means P(θ) = 1/2π. This
θ
model can serve as an approximation to a variety
of tissues with laminar structure, such as the retina
that predominantly comprises neurons with planar
dendritic morphology.
Isotropic model: We again assume infinitely long,
straight fibers, but with the probability of having fibers in every three-dimensional direction the same.
Despite the possibility of intersecting fibers as in the
Laminar Model, mathematical coupling between fibers occurs only through extracellular current flow. In
the isotropic case, the orientation vector, u , is defined
in terms of spherical azimuthal and polar angles,
(θ, φ),
is

T

u = [sin φ cos θ, sin φ sin θ, cos φ] .
(17)

This model has a spherically symmetric distribution,
P(θ, φ), that satisfies the normalization equation,

P(θ, φ)dθdφ = 1, so that P(θ, φ) = sin φ/4π.
θ,φ
This model can approximate tissue with fibers crossing
in all directions, such as when cells have a stellate
morphology as shown in figure 3(c).

7

Figure 4. Monophasic current pulse input with pulse-width
of Tp, period T0 and amplitude IA.

The admittivity for each model is reported in the
Results, and can be derived by performing the integral
in equation (14) over the relevant probability density. This can be done directly, as per equation (14), or
(more easily) in the process of solving for the extracellular potential, whereby equation (13) is substituted into
equation (12) and hence into the second of equation (7).
For the fiber bundle model this was done in [12], for the
laminar model this is done in appendix B and for the
isotropic model in [29]. In appendix C, expressions are
derived for distributions that have the same type of twoor three-dimensional structure, but can have a more
general anisotropic (i.e. nonuniform) distribution of
fiber orientation derived from a Gaussian distribution
(the spherically projected Gaussian distribution).
2.5. Solution to point source stimulation
To illustrate some consequences of an admittivity with
spatiotemporal frequency dependence, we consider
the example of stimulation with a monophasic pulse
via a current point source. The effects are reported
in the Results but the expressions for extracellular
potential of each of the three defined tissue models are
derived in the following.
By combining the expressions in equation (4) and
adding a point source electrode at the origin, we find


1
∇
·
ξ
∗
∇V
= −ι(t)δ(x)δ(y)δ(z),
e
e
r,t
(2π)2
(18)
where ι(t) is a monophasic pulse as depicted in figure 4
and is defined as

IA , 0  t < Tp
ι(t) =
.
(19)
0, Tp  t  T0
For the fiber bundle model oriented along
the z-axis, equation (18) can be Fourier transformed in z and t to give a differential equation in

r = x2 + y2 . This can be solved to give an expression
for the (z, t)-Fourier transformed extracellular potential [13]


2  fb
ι̂(w)
ˆ
fb
K0 χ (kz , w)r|kz | ,
V́e (x, y, kz , w) =
4πζe,T π
(20)
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wTp
1
where ι̂(w) = √ IA Tp sinc
, K0 is the zeroth
2
2π
order modified Bessel’s function of the second kind
and

ζe,L (kz , w)
fb
(21)
χ (kz , w) =
ζe,T

is a ratio measure of anisotropy between the
longitudinal and transverse fiber directions. The
expression in equation (20) can be used to reconstruct
the solution in the space-time domain numerically via
the inverse fast Fourier transform for (kz , w).
For the laminar tissue model, the extracellular
potential can be found by Fourier transforming equation (18) in (x, y) and t, which results in
−ι̂(w)
∂ 2 V̀ˆ elm
lm 2 ˆ lm
(22)
ζe,T
− ξˆˇe,r
kr V̀e =
δ(z),
2
∂z
(2π)3/2

where kr = |kr | = |(kx , ky , 0)| = kx2 + ky2 , and the

admittivity in the radial direction defined via
lm 2
ξˆˇe,r
kr =



|u|=1

+



ζe,T (kr2 − (kT u)2 )du

|u|=1



1 1 + jωτm + (kT u)2 λ20J
ρi 1 + jωτm + (kT u)2 λ20V



(kT u)2 du.

(23)
The solution to this equation is detailed in appendix C and is given as


lm
−ι̂(w)

V̀ˆ elm (kr , z, w) =
e−χ (kr ,w)kr |z| ,
lm k
(2π)3/2 ζe,T ξˆˇe,r
r
(24)
where anisotropy ratio between direction within and
transverse to the laminar plane is


 ξˆˇlm
 e,r
(25)
χlm (kr , w) =
.
ζe,T

Again, to obtain the spatiotemporal solution,
equation (24) must be inverted using the inverse fast
Fourier transform of (kx , ky ) and w.
The solution for a point source stimulation for the
isotropic tissue model is obtained once the integral
over the distribution of orientations has been performed [29],
ι̂(w)
V̌ˆ eis (k, w) =
,
(26)
(2π)3/2 ξˆˇeis

where ξˆˇeis is the (isotropic) admittivity given in
equation (30) of the results, which depends only

on K = |k| = |(kx , ky , kz )| = kx2 + ky2 + kz2 and

w . As a consequence, we can perform a modified,
one-dimensional, inverse Fourier transform of this
equation with respect to K, instead of the normal
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three-dimensional inverse Fourier transform. The
spatial form of the extracellular potential is given by
F −1 {−jK V̌ˆ eis (K, w)}
(27)
,
V̂eis (R, w) = K
R

where R = |r| = x2 + y2 + z2 and FK−1 denotes
the (1-dimensional) inverse Fourier transform with
respect to K (see also note7) Details of derivations to
go from equations (26) to (27) is given in appendix
C2.

3. Results
Analytical and numerical results are presented in
this section. First, we give the analytic expressions for
admittivities of the three tissue models with different
fiber orientation distributions in the Fourier domain.
Second, approximate solutions of the extracellular
potential for point source stimulation in the near-field
and far-field regions for a laminar tissue are given.
We finish the section by presenting numerical results
on point source electrical stimulation of these tissue
models. This illustrates (1) the effect of pulse width
on changing the spatial profile of the extracellular
potential and (2) the effect of distance from the
electrode in altering electrical anisotropy in a tissue
model that is nonetheless structurally homogeneous
(the laminar model).
3.1. Admittivity calculation
Expressions for the admittivity for three different
tissue types were calculated based on the distribution
of fiber orientations as defined in section 2 of the
Methods and illustrated in figure 3(a) fiber bundle
model, figure 3(b) laminar model, and figure 3(c)
isotropic model. For the fiber bundle model, fibers are
oriented in the z direction; for the laminar model, they
are oriented in the xy plane; in the isotropic model,
they are oriented in all directions.
Fiber bundle model
fb
ξˆˇe,r
=ζe,T ,
fb
ξˆˇe,z
(k, w) =ζe,L (kz , w) =



7

1 + λJ 2 (w)kz2
.
ρi (1 + λV 2 (w)kz2 )

(28)

Note equation (27) involves a slight abuse of notation in
which we have written the first functional argument of V̂eis
as the R, the one-dimensional distance, when strictly it is the
3-dimensional point r whose distance from the origin is R.
Similarly we have written the first argument of V̌ˆ eis as K, when
it should be k . This emphasizes that the dependence occurs
only through the length of these vectors allowing a oneinstead of three-dimensional inverse Fourier transform.
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Figure 5. (a) Admittivity magnitude as a function of spatial and temporal frequency for the isotropic model. Red curves indicate
the inverse of the temporal frequency dependent electrotonic length constant given in equation (31) for voltage and current density
boundary conditions (solid versus dotted lines respectively). Blue boxes indicate approximate spatiotemporal frequency ranges
associated with intrinsic brain signal (dotted) and electrical stimulation (solid). The near-field region is the black region above the
red-dotted line, while the far-field region is the white region below the red-solid line. The spatio-temporal frequency dependence of
the admittivity of the fiber bundle and laminar models is not shown, but is qualitatively similar for admittivity in a direction parallel
to any of their fibers. (b) Comparison of the magnitude of the admittivity as a function of the spatial frequency across three different
tissue models: fiber bundle, laminar and isotropic (as marked). Sigmoidal curves indicated admittivity in any direction parallel
with a fiber (regardless of orientation), while flat curves indicate admittivity in directions perpendicular to all fibers (fiber bundle,
laminar models only, the same for both models). The spatial frequency k in this graph represents kz, kr, or K as appropriate for the
different models, as per equations (28)–(30). Note that units of spatial frequency are in terms of the inverse of the electrotonic length
constant for voltage, λV (w), which contains the only temporal frequency dependence in the expressions for admittivity. Thus, the
plots are valid for all temporal frequencies. All the cellular parameters (b, d, ρ , etc) are the same across the models. Refer to table 4 for
the values.

Laminar model
lm
ξˆˇe,z
=ζe,T ,

3ζe,T
lm
ξˆˇe,r
(k, w) =
2


λ0J 2
λ0V 2
+
2
ρi λV (w)kr2
1−

× 1 − 

1
2

λV (w)kr2



.

1+
(29)
Isotropic model
is
is
ξˆˇeis (k, w) = ξˆˇe,r
(k, w) = ξˆˇe,z
(k, w)
1
4ζe,T
+
=
2
3
ρi λV (w)K 2


tan−1 (KλV (w))
,
× 1−
KλV (w)
(30)
where ξˆˇis (k, w) and ξˆˇis (k, w) are the admittivities in
e,r

e,z

the r and z directions, respectively. ρi is the intracellular
space resistivity. λJ (w) and λV (w) are temporal
frequency-dependent electrotonic length constants
for current and voltage boundary conditions, which
are defined as
λ0J
λJ (w) = 
,
1 + jwτm
(31)
λ0V
.
λV (w) = 
1 + jwτm

Note that these length constants are complex numbers
that have a phase as well as a magnitude. The temporal
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frequency dependence highlights the fact that the
magnitudes of the length constants diminish as the
temporal frequency increases. This is due to the lower
impedance of the membrane capacitance at higher
frequencies, thus reducing the path in the extracellular
space that current must traverse before it can cross the
membrane.
Figure 5(a) shows the full spatiotemporal frequency dependence of the admittivity using the isotropic model as an example. There is a transition from a
low asymptotic magnitude for the admittivity to a high
asymptotic magnitude as one moves from top-left to
bottom right of the figure (high spatial frequency/low
temporal frequency to low spatial frequency/high temporal frequency). This transition occurs in the region
in which the frequency dependent electrotonic length
constants are in commensurate with the applied spatial frequency, K (i.e. K|λJ (w)| ≈ 1 and K|λV (w)| ≈ 1)
(refer to appendix C in [13] for a formal derivation of
this relationship). Indicative frequency ranges for both
intrinsic brain signals (EEG, LFP, and spikes) and electrical stimulation are marked, with intrinsic signals
typically subject to a lower value of admittivity due to
their low temporal frequency content relative to electrical stimulation. Intrinsic brain signals range from
delta waves (0.5–4 Hz) up to spikes (1–2 kHz) in temporal frequency [22–24] , and from synapses (≈1 µm,
106 cycle m−1) to whole brain (≈0.1 m, 10 cycle m−1)
[23]. Electrical stimulation ranges from approximately
1 to 100 kHz in temporal frequency (pulse width 1 ms to
10 µs)[18–21], and spatial frequencies commensurate
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Figure 6. Near-field and far-field limits to the point source solution to the cellular composite isotropic model. Green: Cellular
composite numerical solution obtained by applying the inverse Fourier transform given by equation (27) to equation (26). Orange:
Far-field approximation using the Taylor series expansion of equation (26) around K  =  0 and numerically inverting the Fourier
transform via equation (27). Black-dotted: The analytic solution for the far-field approximation from equation (32). Magenta: Nearfield approximation from numerical inversion of the Fourier transform. This is the case when K → ∞ . Black-dashed: The analytic
solution for the near-field approximation.

Table 3. Near-field and far-field conductivities.
Model

Near-field

Far-field

Fiber bundle

σrbf = ζe,T

σrbf = ζe,T
σzfb =

1
ρi

3
σrlm = ζe,T
2

σrlm =

ζe,T
1
+
2
2ρi

σzlm = ζe,T

σzlm = ζe,T

4
σris = ζe,T
3

4
1
σris = ζe,T +
3
3ρi

4
σzis = ζe,T
3

4
1
σzis = ζe,T +
3
3ρi

σzfb

Laminar model

Isotropic model

= 2ζe,T

with size and spacing of electrodes, 102–105 cycle m−1
(≈1 cm to ≈10 µm) [25, 26].
Figure 5(b) compares the magnitude of the admittivity across the three different tissue models, as a function
of spatial frequency. For components of the admittivity
that are transverse to all fibers the curves are flat (i.e. for
fb
either ξˆˇe,r
, aligned to a cylindrical radial direction, r for
lm
, aligned to the z direction
the fiber bundle model, or ξˆˇe,z
for the laminar model, and with no such direction for the
isotropic model). This reflects the fact that the c urrent
(by definition) cannot pass along the inside of fibers, and
instead is always forced to cross them through the extracellular space. For the admittivity in a direction parallel
to any choice of fiber direction, the curves are sigmoidal;
the magnitude goes from a high value at low spatial frequency to a low value at high spatial frequency. This is
because the spatial frequencies higher than the scale of
the electronic length constant have difficulty accessing
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the intracellular space along fibers. This second comp
onent of admittivity decreases as the tissue becomes
more isotropic from fiber bundle, to laminar model, to
isotropic model, particularly at lower spatial frequencies. This is due to the increased prevalence of fibers at
crossed orientations in more isotropic models, which
adds a component of the lower transverse admittivity
to the higher longitudinal admittivity. Note the units
are in terms of the inverse of the w-dependent electrotonic length constant for voltages boundary conditions, underscoring the fact that the temporal frequency
dependence of the admittivity is mediated entirely
through this constant in equations (28), (29) or (30).
3.2. Near-field and far-field approximations of
cellular composite model
The expressions for admittivity of the different
models in equations (29) and (30), reach asymptotic
limits of constant and pure conductivity in both the
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Figure 7. Illustration of the pulse width effect on the transition of the extracellular potential from near- to far-field approximations.
The point-source solution for the cellular composite model and isotropic structure is shown for three different monophasic
rectangular pulse widths (Tp = 10, 100, 1000 µs, greens) relative to the near-field approximation (pink) and far-field
approximation (black). The potential is sampled at the end of the pulse. Parameters are given in table 4.

high and low spatial frequency limits. For a point
source electrode, these limits correspond to the nearfield and far-field approximations to the cellular
composite model. The near- and far-field regions
are determined by the electrotonic length constants;
comparing the expressions in equation (31), we note
that |λV (w)| > |λJ (w)|. The near-field approximation
describes the potential in the tissue close to the
electrode |r| = R  |λJ (w)|, or alternatively,
K|λV (w)|  1 (see [13] appendix C for an explanation
of this equivalence). The far-field approximation is a
good description of the potential at larger distances
R  |λV (w)|, that is the case where K|λJ (w)|  1.
The near- and far-field limits are shown graphically
in figure 6 for the isotropic model. For simplicity we
considered a constant current input with an amplitude
of 1 µA to obtain a steady state solution. The cellular
composite solution (green) interpolates between the
near-field approximation close to the electrode (<10
µm, blacked-dashed: analytical, magenta: numer
ical) and the far-field approximation distant from the
electrode (>300 µm, black-dotted: analytical, orange:
numerical). In general, the analytical solution for nearor far-field approximations takes the classical form for
a point source in an anisotropic volume conductor,
ι(t)
Ve (r, t) = 
,
(32)
4π σr σz r2 + σr2 z2

where σr , σz are real constant conductivities in the r
and z directions. These conductivities take different
expressions depending on whether they apply in
near- or far-field and depending on the model of fiber
orientation, as shown in table 3. These expressions
were obtained by taking the K → ∞ or K → 0 limits

11

in equations (29) and (30) for near- and far-field
approximations, respectively.
In figure 6, the magnitude of the near-field solution is an order of magnitude larger than the far-field
counterpart for all values of electrode separation, R.
This is due to the difference in conductivities, which
can be understood physically by considering current
paths in the tissue. Close to the electrode (near-field)
most of the current is forced to pass through the comparatively narrow (d  b ) extracellular space due to
the very high impedance membrane, leading to low
effective conductivity proportional to the effective
extracellular conductivity, ζe,T . However, as the distance along the neurite increases, the current gradually distributes across the membrane over the scale of
the (frequency-dependent) electrotonic length constant. At large distances, a majority of the current has
accessed the comparatively wide-diameter intracellular space (b  d ), leading to high effective conductivity dominated by the inverse of the intracellular resis1
tivity (as  ζe,T ).
ρi
3.3. Numerical results
3.3.1. Pulse width effect
Figure 7 compares the extracellular potentials of an
isotropic neural tissue model for various monophasic
pulse widths using two different frameworks
for modeling electrical stimulation. The cellular
composite framework has admittivity with the
spatiotemporal frequency dependence of the isotropic
model given in equation (30), while standard volume
conductor framework corresponds to the near- and

J. Neural Eng. 17 (2020) 016037

O Monfared et al

Figure 8. Anisotropy effect. (a) Cellular composite contours (black) are matched with the near-field contours (white) for a pulse
width of 100 µs, in a range of less than 5 µm from the electrode. (b) Transition of the cellular composite solution from the near-field
solution. (c) Transition of the cellular composite to the far-field in the range of less than 1000 µm from the electrode. (d) Cellular
composite is matched with the anisotropic solution in the far-field region. The colorbar represents the logarithm of the extracellular
potential in millivolts. Stimulation was with a rectangular monophasic pulse of 100 µs pulse-width and an amplitude of 1 µA is
applied to the tissue.

far-field approximations with conductivities given in
the third row of table 3. The solutions to the cellular
composite model for different pulse widths, denoted
Tp, are all sketched in green, i.e. the light green for 10
µs, the olive green for 100 µs and the dark green for
1000 µs. These solutions match the volume conductor
solutions in the near- and far-field regions but also
exhibit a transition between the two regions due to
the spatiotemporal frequency dependence of the
admittivity. This transition is pulse width-dependent,
with the shorter pulse-width showing a transition
closer to the electrode and a longer pulse width
having a transition further from the electrode. The
consequence is that a temporal parameter controlled
by the user affects the spatial profile of the potential in
the tissue. This coupled spatiotemporal filtering is a
direct consequence of modeling the admittivity with
a temporal and spatial frequency dependence, and
is observed in all three models for directions that are
parallel to at least some of the fibers in the tissue. These
frequency dependencies arise from the combination of
the membrane capacitance (temporal frequency), and
the different current pathways from the extracellular
to the intracellular space (spatial frequency). The effect
12

Table 4. Parameter values used in numerical calculations.
Parameter

b

d

ρi

ρe

Rm

τm

Value

0.5

0.03

0.7

0.7

1

1

Unit

µm

µm

Ω·m

Ω·m

Ω · m2

ms

is mediated through dependence of the electrotonic
length constant on the inverse of the square root
of the temporal frequency in equation (31). This
expression shows that shorter pulses, which contain
higher spectral temporal frequencies, lead to shorter
electronic length constants, enabling extracellular
current to enter the neurite through the membrane on
shorter spatial scales to access the intracellular pathway
with higher effective conductivity.
3.3.2. Anisotropy effect
To explain the effect of spatiotemporal filtering on
anisotropy, we choose the neural tissue model with
laminar structure where the fibers are only oriented in
the (x, y) plane with no fiber along the z direction.
Figure 8 shows that the degree of electrical aniso
tropy depends on separation from the point source
electrode in the tissue, by plotting profiles of the extra-
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cellular potential in the (r, z) plane, where r is parallel to the plane and z is perpendicular. The four graphs
(a)–(d) are sketched with different scales of resolution.
Figure 8(a) shows an area of up to 10 µm from the
electrode. In this region, equipotentials for the cellular composite model (black) are close to circular, indicating that the potential profile is only weakly aniso
tropic at this distance compared to further out. This
is confirmed by the close match to the equipotentials
of the near-field approximation (white dashed), for
which the ratio of conductivity in r versus z directions

is given analytically to be 3ζζe,Te,T/2 ≈ 1.2. Physically,

the weak degree of anisotropy is because all current is
forced through the extracellular space in the near-field
and the narrowness of this cross-section is only weakly
dependent on direction.
As the distance from the electrode increases,
around ten times more, the equipotentials for the cellular composite and near-field solutions no longer
coincide, as shown in figure 8(b). However, the cellular composite solution is still only weakly anisotropic.
In the range of 1000 µm from the electrode, shown
in figure 8(c), the effect of anisotropy becomes more
pronounced, as shown by the pronounced long elliptical equipotentials with major axis oriented along
the r-axis. The near-field solution has been replaced
with the far-field solution to better display the change
of behavior of the cellular composite model (black).
This is the range where the cellular composite model
makes a transition to match the far-field solution. By
passing to the final range, in figure 8(d), we see that the
cellular composite and the far-field solutions are perfectly matched in a range of around 2000 µm from the
electrode in the z direction and 4000 µm from the electrode in the r direction. For the far-field model the ratio
of conductivity in r versus z directions is given analyti
i )/2
≈ 20, if we use the param
cally to be (ζe,T +1/ρ
ζe,T
eters in table 4. This is approximately 17 times more
than the degree of anisotropy in the near-field region.
Physically, this means that in the far-field region most
current in the r direction (within a layer) enters the low
impedance intracellular pathway via the membrane,
with the effective conductivity of (ζe,T + 1/ρi )/2 (see
table 3).
Note that the region of transition from weak to
strong anisotropy is influenced by the pulse-width as
well, via the temporal frequency dependence of the
electrotonic length constants.

4. Discussion and conclusion
In this paper, we derived the electrical admittivity
of a neural tissue model that accounts for cellular
microstructure with various distributions for fiber
orientations. We considered models with a uniform
distribution of fiber orientation in one, two, or three
dimensions (i.e. fiber bundle, laminar, or isotropic
models). These may be considered as approximations
13

to structures that are prevalent in the nervous system.
For example, the retina and the neocortex have layered
laminar structures [30, 31]. A more general model
could incorporate a superposition of all three model
types to capture the contribution of neurons/neurites
with different morphologies in the same tissue. For
example in neocortex, stellate morphologies could be
approximated by a term akin to the isotropic model,
while pyramidal cells could be approximated by a
combination of terms from the fiber bundle and
laminar models, to capture the contribution of both
ascending and lateral dendrites, respectively.
The key novel aspect of the derived electrical admittivity is its spatial and temporal frequency depend
ence. In general, this leads to spatiotemporal filtering
of the extracellular potential. To illustrate the consequences of this we considered two effects. First, we
investigated the effect of various pulse-widths on the
extracellular potential of the tissue using the cellular
composite and the standard volume conductor models. Due to the spatiotemporal frequency dependence
of the admittivity, the spatial profile of the extracellular potential changed as the pulse width changed in the
cellular composite model. The result showed longer
transitions from the near-field to the far-field regions
for longer pulse-widths. This is due to the temporal
frequency dependent electrotonic length constants
(equation (31)), which determine the distance along
fibers over which current passes from the extracellular
space to the intracellular space, via the membrane, to
equilibrate the membrane potential to its resting value.
Shorter pulses have more power at high frequencies in
their spectrum, and thus shorter transition distances
from near- to far-field. The near-field is characterized
by relatively high effective resistivity because current
is forced through the highly confined extracellular
space. The far-field is characterized by lower effective
resistivity due to the larger cross-sectional area of the
fiber compared to the extracellular space. Between
these two regimes, the complex-valued, temporal frequency dependent nature of the admittivity becomes
pronounced. These effects of pulse width on the spatial profile of the extracellular potential cannot be
addressed in the standard volume conductor model
because in this approach neural tissue is described by a
purely conductive element that is independent of temporal or spatial frequencies.
As a second example, numerical calculation illustrated how the degree of anisotropy in the electrical
potential is influenced by separation from the electrode in the cellular composite model, despite the
underlying structural homogeneity. The laminar
model was used that has fibers running in the (x, y)
plane but not in the z direction. This was contrasted
with the solutions of the volume conductor models in
the near-field and far-field regions where the degree
of anisotropy of the extracellular potential was unaffected by separation from the electrode. Using a measure of anisotropy based on the ratio of the longitudi-
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nal to transverse admittivities, it was shown that the
ratio is much smaller in the near-field compared to
the far-field region for the cellular composite model.
The behavior at distances more than the voltage electrotonic length constant was shown to be considerably
more anisotropic. This is due to the current accessing
the intracellular space in the far-field, but only in directions parallel to fibers.
These results were illustrated using a point source
electrode. It is straight forward to include electrodes of
finite size in the formalism if they have known surface
current density (e.g. uniform density) by substituting
the expression for that current density into the right
hand side of equation (18) in place of the delta functions
of x, y and z (see [32, 33] for an example with a disk electrode). In general, the inclusion of larger electrodes will
not alter the qualitative conclusions of the two examples
given here, which depend on a transition from near-field
to the far-field in the extracellular potential. Physically
the near-field occurs for distances from the electrode
surface much less than the temporal frequency dependent electrotonic length constants, while the far-field
occurs for distances from the surface much greater than
electrotonic length constants, regardless of the electrode
size. Quantitatively, the magnitude of the effects in the
two examples reported here depend on the spatial distribution of the surface current density on the electrode
and particularly its spatial Fourier transform. When
there is significant power in this Fourier transform at
spatial frequencies that span the range determined by
the electronic length constants (i.e. above 1/λJ (w) and
below1/λV (w)), the effects reported here will be prominent. This is typically expected to be the case for even
larger planar electrodes, because sufficiently high spatial
frequencies in the distribution of source current density
occur at both the edge of the electrode and in the direction perpendicular to its surface.
An important implication of these insights for
neural implants is that the size and shape of the area
of tissue activated by electrical stimulation could be
controlled by stimulation parameters that are not normally considered to influence these outcomes of neural stimulation. Specifically, in the first example above,
pulse width would influence the size of activated area,
while in the second example, pulse amplitude would
affect the shape (as well as size) of the activated area
in anisotropic tissue (by changing the spatial range of
activation). The size and shapes of activated areas are
generally of key importance to the clinical applications of neural stimulation, e.g. affecting the size and
shape of phosphenes in a retinal implant [4, 34]. Most
electrodes used in clinical neuroprosthetic devices
are sized in the range from 100s to 1000s of micrometers and use pulse widths from 10s to 1000s of micro
seconds. The present results suggest that size and shape
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of neural activity would be affected in such applications by the spatiotemporal frequency dependence
of the tissue admittivity up to distances of a couple
of hundred micrometers from the surface of the electrode. At distances beyond that, an appropriate, possibly anisotropic, volume conductor model coinciding
with the far-field approximation would suffice.
The framework developed here for modeling neural tissue admittivity assumes a passive model for the
electrical properties of the membrane (i.e. only resistive
and capacitive impedance), which is also an assumption
made in many modeling studies of neural stimulation
[35]. Neural membranes also contain a variety of nonlinear voltage-dependent conductances that have been
neglected in our approach. Such nonlinear effects are
difficult to treat mathematically. Changes in membrane
conductance associated with the voltage-gated sodium
and potassium conductances underlying action potential generation can be large compared to the passive conductance, but are also brief (≈1 ms), are predominately
found in the axons and somas rather dendrites and are
typically asynchronous across the neural population
during ongoing activity. These considerations suggest
that activation of these conductances will be diffuse in
time and space during ongoing activity, so that their
contributions to the tissue admittivity are likely to be
modest. During brief pulsatile electrical stimulation
of neural tissue (<1 ms), membrane depolarization
can be large, causing widespread, synchronous activation of sodium conductances, primarily in axons and
soma. Any ensuing action potential usually occurs after
the stimulation pulse because the regenerative process
of full of sodium conductances activation takes longer
(an additional 1–5 ms). The critical period determining how current from the electrode determines a spatial
profile for the extracellular potential occurs during the
pulse, when the sodium conductance are only partially
activated. It is difficult to determine how much this level
of sodium conductance activation will affect the overall
tissue admittivity without a detailed simulation study
of morphologically reconstructed neurons with Hodgkin–Huxley style dynamics. This is beyond the scope of
the present study. However, any effect would decrease
the membrane resistance, reduce electronic length constants, and thus shift the boundaries of the near- and
far-field closer to the electrode. The qualitative effects
described here are expected to remain. A second form
of membrane conductance not considered explicitly
here is the combined contribution of time-dependent
synaptic conductances to the total membrane conductance. This can also be large in vivo, as a consequence of
ongoing spontaneous activity [36]. In the framework
developed here, this can be accounted for as a reduced
effective passive membrane resistance determined by
the mean rate of spontaneous activity of neurons in the
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tissue [37]. Once again this would shift the boundaries
of the near- and far-field closer to the any source/sink/
electrode.
A recent experimental study applying subretinal
stimulation to the rat retina demonstrated an effect
of pulse width on the spatial profile of activation of
retinal ganglion cells analogous to the effect predicted
here for extracellular potential (i.e. the first example
effect) [38]. Stimulation with pulse widths increasing
from 0.1 ms to 0.33 ms to 1 ms lead to progressively
wider areas of activation, just as predicted here for the
extracellular potential. This provides indirect evidence
for the spatio-temporal frequency dependence of neural tissue admittivity. However, because the effect is
observed at the level of neural activity rather than the
extracellular potential, other factors such as a pulse
duration-dependent threshold for the charge required
to elicit a spike could also explain the results.
Experimental studies directly recording the extracellular potential are required to measure tissue admittivity. Using this approach, several experimental studies of the admittivity of neural tissue have examined
whether it exhibits temporal frequency dependence,
but have not considered the possibility of spatial frequency dependence as this is a novel concept in the
literature on tissue impedance. The majority of studies have found only weak dependence of the admittivity on temporal frequency in the range 0.1–10 kHz
[39–43], with the exception of the study of Gabriel
et al which found a much stronger dependence [44]
(see figure 5 in [43] for a summary). While this range
of frequencies is relevant to the temporal frequency
dependence of the admittivity predicted here, most of
these studies have considered spatial scales larger than
a millimeter, which are only relevant to the far-field
regime described here and for which there is expected
to be little or no temporal frequency dependence in
the admittivity (see figure 5(a) below 103 cycles m−1).
The exception is the study of Miceli et al [43] that used
electrodes separated by 100 µm and 125 µm. They
also found weak temporal frequency dependence over
the range 5–500 Hz, with a slightly higher increase in
admittivity at the higher end of this range. This is in a
spatio-temporal frequency region that once again does
not provide a strong test of our predictions for tissue
admittivity. It could nonetheless be consistent with our
predictions, which show a similar increase in admittivity in the vicinity of 500 Hz at a spatial frequency of
104 cycles m−1, which roughly corresponds to the 100
µm spatial scale of their measurements (consider the
appropriate cross-section across temporal frequency
in the admittivity in figure 5). This increase corresponds to the border at which the admittivity begins
increasing above its near-field limit. However, a definitive test of the spatiotemporal frequency-dependence
of admittivity predicted here will require future experiments that measure across a greater range of spatial
and temporal frequencies as covered in figure 5.
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Appendix A. Derivation of cellular
composite model for tissue composed
of crossed fibers via a mean-field
approximation
A.1. Fundamental tissue model
The fundamental tissue model described in
section 2.1 consists of tightly packed, interlocking
neurites that partition the tissue into many elongated
intracellular compartments and a single connected
extracellular space that is highly confined and
tortuous. Laplace’s equation governs the spatial
distribution of the intra- and extra-cellular potentials,
φi and φe, respectively: ∇2 φc = 0, c = i, e . More
fundamentally, the potentials are derived from a pair
of equations consisting of a continuity equation for
the current densities, Γi and Γe, and a constitutive
equation relating the current density to the potential,
∇ · Γc (r, t) = 0,
(A.1a)
Γc (r, t) = −ρ−1
(A.1b)
c ∇φc (r, t),

where r = (x, y, z) is any point in the intracellular space
if c  =  i, or in the extracellular space if c  =  e. ρi and ρe
are the intracellular and extracellular resistivities,
respectively.
The boundary conditions ensure continuity of current
across the neural membrane and boundedness of the
potential for all space and time:
1 ∂φi (r, t)
= −Jm (r, t), ∀r ∈ any membrane,
ρi ∂n
(A.2a)
1 ∂φe (r, t)
= −Jm (r, t), ∀r ∈ any membrane,
ρe ∂n
(A.2b)
|φ
∀r ∈ any intracellular space,
(A.2c)
i (r, t)| < ∞,
|φ
(A.2d)
e (r, t)| < ∞ ∀r ∈ the extracellular space.
∂
Here, ∂n
represents the derivative in the direction
outwardly normal to the membrane surface. There
may be other boundary conditions describing electrodes or insulating boundaries, that are unnecessary
to consider here and are omitted. In addition, the cur
rent density through the membrane, Jm, is the sum
of resistive and capacitive components. In the subthreshold regime, in which the membrane behavior
can be assumed to be linear and modeled by an RC-circuit, the relationship between the membrane current
density and the membrane potential is given by

dVm
Vm
Jm = Cm
+
,
(A.3)
dt
Rm

J. Neural Eng. 17 (2020) 016037

O Monfared et al

Figure A1. Schematic showing the directions of current flow for the first three modes of the expansion of the expression for the
trans-impedance of a cylindrical NTES element (n = 0, 1, 2). A cross-sectional view of the cylindrical NTES element is shown in
each case, with the neurite membrane, intracellular space and extracellular space shown in brown, gray and blue-gray respectively.
Current enters or leaves the NTES element along its outer boundary in directions shown by arrows. The n  =  0 mode corresponds
to current entering the boundary equally at all angles and then passing longitudinally along the inside of the NTES element. The
n  =  1 mode corresponds to current passing transversely from one side of the NTES element to the opposite side, entirely through
the extracellular space. The n  =  2 mode is also restricted to transverse current flow, but with a higher order symmetry in angular
frequency such that current enters along one axis (e.g. vertical) and leaves via the perpendicular axis (e.g. horizontal). Higher order
modes (not shown) are also transverse but with symmetries corresponding to higher angular frequencies.

where
Vm (r, t)  φi (r, t) − φe (r, t), ∀r ∈ a membrane,
(A.4)
and Cm and Rm are the specific membrane capacitance
and specific passive membrane resistance, respectively.

A.2. Mean-field derivation
To explicitly redefine the fundamental model in terms
of a system of coupled NTES elements, we trivially
rewrite equation (A.1b) as a disjoint sum over NTES
elements, with orientation defined by unit vector u , and
indexed within each orientation class by an integer n:

Γc (r, t) =
Γc (r, t)1u,n (r).
(A.5)
u,n

The function 1u,n (r) is the indicator function for the
NTES element with orientation u and index n, which is
1 inside the NTES element and zero elsewhere, and thus
serves to partition the space into sections occupied by
each NTES element. On the outer NTES boundaries
we define the extracellular potential and current
density to be
Ve  φe |NTES boundary ,
(A.6a)
Je  Γe |NTES boundary .
(A.6b)

To clarify, φe and Γe are the potential and current
density of the fundamental model, respectively, at
any point in extracellular space while Ve and Je are the
potential and current density (respectively) on the
combined extracellular surface of all NTES elements.
For each NTES element in isolation, the intra- and
extracellular potentials, φi and φe, at any point inside
the NTES obey the same set of partial differential
equations and boundary conditions as described by
equations (A.1a)–(A.4). Additionally, in order for each
NTES system to have a (unique) solution in isolation,
φe must obey a boundary condition on the outer sheath
of the NTES element, which can be stipulated in terms
of either the extracellular potential or the extracellular
current density:
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φe (r, t) = Ve (r, t), ∀r ∈ outer NTES boundary,
(A.7a)
∂φe (r, t)
= −ρe Je · n(r, t),
∂n

∀r ∈ outer NTES boundary.

(A.7b)
Thus, we have a set of partial differential equations and
boundary conditions for each NTES, which together
form a system of partial differential equations and
boundary conditions for the whole model of tissue.
They are coupled together on the shared outer NTES
boundaries via Ve and Je , which must be found selfconsistently.
Since we are ultimately only interested in deriving
mean-field equations for the extracellular potential
and current density, we can eliminate the dependence
on intracellular and membrane currents and potentials in equations (A.1a)–(A.4) but utilizing the concept of the electrical trans-impedance (or reciprocally,
admittance) of an NTES element. The trans-impedance gives the relationship between spatiotemporal
functions of current density and potential along the
outer NTES boundary of the extracellular sheath:
(Je · n)(r, t) = −Tu,n [Ve (r, t)],
(A.8)

where Tu,n is a linear operator representing the transimpedance, acting on the potential over space and
time for any position r on the boundary of NTES
element, u, n. That is, Tu,n gives the current density
on the boundary for an arbitrary function of voltage
applied along the boundary (voltage boundary
−1
condition), while Tu,n
gives the voltage on the
boundary given an arbitrary function of current
density applied along the boundary (current density
boundary condition). The electrical trans-impedance
completely characterizes electrical properties of
an NTES element, including its internal structure
of neurite membrane and intracellular space (via a
fundamental theorem of impedance tomography,
see [6] and references contained therein, especially
section 4). It can be obtained by solving the system of
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PDEs for a NTES element given by equations (A.1a)–
(A.4) using either voltage or current density boundary
conditions, given in equations (A.6a) and (A.6b),
respectively. With the trans-impedance equation (A.8)
we obtain an alternative system of equations involving
the extracellular quantities Je and Ve (r, t) only, that
applies on the combined extracellular boundary of
NTES elements and must be solved self-consistently
over adjoining NTES elements. On this boundary this
system is identical to the original system comprising
the constitutive equation (A.1b), for the extracellular
and intracellular space, together with the boundary
conditions in equations (A.2a)–(A.4).
We are now ready to make a series of simplifications and approximations to the fundamental tissue
model to make it analytically tractable. The key simplification is to replace the irregular NTES elements with
equivalent cylindrical elements.
(A1) We assume the trans-impedance of the
irregularly shaped NTES elements is well
approximated by that of cylindrical NTES
elements.
This will be a reasonable approximation provided the
two types of NTES elements share similar proportions
(radius, extracellular sheath width) and electrical
constants (intracellular and extracellular resistivity,
specific membrane resistance and capacitance). We
have previously derived expressions for the transimpedance of a cylindrical NTES element in terms
of cylindrical coordinates [16]. This involved an
expansion of the potential and current density on the
boundary, Ve and Je , in terms of modes of the angular
frequency n = 0, 1, 2, . . . of the cylindrical polar angle
as shown in figure A1. The n  =  0 mode corresponds
to the longitudinal mode in which current passes
along the fiber, including via the intracellular pathway
by crossing the membrane, which is now hidden in
equation (A.8) (via algebraic elimination). The n  =  1
mode corresponds to the simple traverse mode in
which current passes across the fiber, entirely through
the extracellular space. The n = 2, 3, . . . modes
correspond to transverse modes with higher angular
frequencies that are rarely observed in neural tissue.
(A2) We assume that only the n  =  0 longitudinal and
n  =  1 transverse modes contribute to the bulk
electrical properties of the tissue, so that the
n = 2, 3, . . . modes can be neglected.
With this assumption it is possible to replace
the cylindrical NTES element, which has an
inhomogeneous internal structure comprising
extra- and intracellular spaces, by an equivalent
homogeneous cylindrical element (an hNTES
element) occupying the same volume but with
spatially uniform electrical admittivity such that the
trans-impedances of the two elements are identical

17

for the significant, i.e. first two, modes [12]. The linear
trans-impedance operator in equation (A.8) can then
be described by the admittivity kernel, ξ e,u (r, t), that is
applied via convolution
1
Tu,n [Ve (r, t)] =
[ξ (r − ru,n , t)] ∗ [∇Ve (r, t)]
ru ,t
2π e,u
(A.9)
where ru,n specifies the location of the centre of an
hNTES element. For each fiber orientation, the position
vector can be decomposed into coordinate directions
parallel and perpendicular to the fiber r = (ru , rũ )
(ru ∈ R, rũ ∈ R2 ) . The admittivity kernel involves a
spatial convolution in the direction parallel to the fiber
ru , as well as a temporal convolution, t (which together
1
introduce the factor of 2π
). The Fourier transform
of this admittivity kernel in three spatial and one
temporal dimension is given by equations (8)–(10) for
the fiber bundle. In the space-time domain the kernel
has a more complicated form, which is given here for
completeness, though it is generally less useful
ξ e,u (r, t) = ξe,T I3×3 + (ξe,L (ru , t) − ξe,T )uuT ,
(A.10)

where
ξ e,T (ru , t) = 2πζe,T δ(ru )δ(t) =

ξe,L (ru , t) =



2πd
δ(ru )δ(t),
bρe
(A.11a)

2πδ(ru )δ(t)
ρi
3 

√
ru2
πH(t)τm2 2t
−
−
5
τm
λ20V
4ρi λ0V t 2


r 2 τm
t

−
+ u2
(A.11b)
τm
4λ0V t
×e
.

In replacing the original internally inhomogeneous
cylindrical NTES element, with an equivalent
homogeneous cylindrical hNTES element, we
perform a spatial smoothing of the original model
on the spatial scale of the fiber diameter. Given the
assumption above, this action leaves the extracellular
current density and potential on the cylindrical
NTES boundary unaltered, but in the interior of the
cylinder it introduces smoothly interpolated versions,
Je and Ve of the extracellular current density and
potential (respectively) that arise from the spatially
smoothed admittivity, as given in equations (8)–(10).
This replaces the original interior description in
terms of intra- and extracellular current densities
and potentials, Γc and φc , c  =  e, i. The fundamental
equation (A.5) for the current density in this model
becomes

Je (r, t) =
Je (r, t)1u,n (r),
(A.12)
u,n

1 
[ξ (r − ru,n , t)] ∗ [∇Ve (r, t)]1u,n (r),
ru ,t
2π u,n e,u
(A.13)
=−
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for r everywhere. Substituting the form of the
admittivity kernel, equation (A.10), for a cylindrical
hNTES element into this equation (A.12) we have
Je (r, t) = − ζe,T I3×3 ∇Ve (r, t)

−
[(ξe,L (ru , t) − ξe,T )uuT ] ∗ [∇Ve (ru , rũ , t)]
u,n

×

ru ,t

1u,n (r)
.
2π

(A.14)


The first term in this equation is a transverse
component derived from equation (A.10) that is
same for all fiber orientations. Consequently the sum
over disjoint hNTES elements from equation (A.12)
merges to give a single homogeneous and isotropic
contribution to the current density. It is resistive (i.e.
no spatial or temporal frequency dependence) and
describes the local flow of current around fibers purely
in the extracellular space (i.e. without any ‘hidden’
pathways through the intracellular space). The terms
in the sum are the longitudinal components of each
fibre and retain the convolutional form in (ru , t)
that includes the flow of current between distant
extracellular points on the fiber via the ‘hidden’
intracellular and transmembrane pathways.
The next issue concerns the coupling of
cylindrical hNTES elements. In the original
fundamental model, NTES elements were coupled via
extracellular current flow across their complicated
and irregular shared outer boundaries. For
cylindrical hNTES elements it is not geometrically
possible to construct arrangements of ideal cylinders
without any gaps between them. Instead we extend
further the mean-field approximation by taking
advantage of the aspects of the reformulated model
to consider a situation in which fiber arrangements
with both gaps and overlaps are allowed. There a
several considerations that make this a reasonable
approximation. First, spatially overlapping fibers are
still coupled via the passage of current through the
extracellular space, as they should be, despite have
their interiors intersecting, because the reformulated
model uses extracellular variables only (current
density and potential). Second, current can still flow
across gaps between fibers due to the presence of the
first term, admittivity component in equation (A.14)
that applies equally everywhere in space (i.e. no gaps)
and describes the local current flow around fibers
purely through the extracellular space. In general
this is the correct form of local coupling of fibers
because any current leaving an hNTES element will
be forced to pass locally through the extracellular
space in this manner until it reaches another hNTES
element of the appropriate orientation where it may
be absorbed according to the longitudinal mode of
current flow, as described by the terms in the sum
in equation (A.14). This is because the part of the
longitudinal current that accesses the low resistance
intracellular pathway must do so over a length
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scale greater than the electronic length constant.
Consequently flow of current varying on spatial
scales smaller than the electronic length constant
of a fiber occurs purely through the extracellular
pathways. Consequently,
(A3) We assume that the average separation between
fibers of similar orientation in the tissue is less
than the electronic length constant.
Although the length constant is dependent on the
temporal frequency of stimulation, it is generally in the
order of hundreds of micrometers and greater than 10
µm even when stimulation pulses have spectral peaked
at high stimulation frequencies of 100 kHz, making
this a reasonable assumption.
With the forgoing arguments we can rewrite
equation (A.14) without regard to whether hNTES
elements intersect or leave gaps, assuming only an
average density of fibers of each orientation, such that
the combined volume of hNTES elements completely
fills the tissue volume.
Je (r, t) = − ζe,T I3×3 ∇Ve (r, t)

−
[(ξe,L (ru , t) − ξe,T )uuT ] ∗ ∇[Ve (ru , rũ , t)]
ru ,t

u,n

×

cb (rũ − rũ,n )
2π

(A.15)


where cb (rũ − rũ,n ) is the circ function centred at
fiber location rũ,n, which is 1 inside the radius of the
hNTES element and 0 outside, and replaces the
indicator function for that element. Taking the Fourier
transform of the equation (A.15) in three spatial and
one temporal dimension we can write
ˆJ̌ (k, w) = − ζ I ∇V̌ˆ (k, w)
e
e,T 3×3
e
1  ˆˇ
−
(ξe,L (ku , w) − ξˆˇe,T )uuT
2π u,n

T
× [čb (kũ )e−jkũ rũ,n ] ∗ [ jkV̌ˆ e (ku , kũ , w)]

kũ

(A.16)
= − ζe,T I3×3 ∇V̌ˆ e (k, w)
1 
−
jku (ξˆˇe,L (ku , w) − ξˆˇe,T )u
2π u

T
e−jkũ rũ,n ] ∗ [V̌ˆ e (ku , kũ , w)]
× [čb (kũ )
n

kũ

(A.17)
where, in the first line the convolution in (ru , t) becomes
a product of functions in (ku , w), while the product of
functions in rũ becomes a convolution over kũ. To ease
mathematical complexity we assume that fibers of
orientation, u , are evenly distributed on a square grid
with separation du, which allows us to write the sum
over hNTES elements with this orientation as a Dirac


comb n exp(−jkTũ rũ,n ) = (2π)2 /du2 n δ(kũ − n/du )
where n = (n1 , n2 ) ∈ Z2 indexes the square grid.
The convolution in equation (A.16) may then be
performed giving
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ˆJ̌ (k, w) = − ζ I ∇V̌ˆ (k, w)
e
e,T 3×3
e

ˆ
− 2π
jku (ξˇe,L (ku , w) − ξˆˇe,T )u
u

 
|n| ˆ
1 
V̌e (ku , kũ − n/du , w).
× 2
čb
du n
du
(A.18)
The n = 0 term in the sum of the above equation gives
(bu )2 ˆ
V̌ (k , k , w) using that č (0) = b2 /2. The
2du2

ũ

u

e

b

u

remaining higher order terms in the sum sample
V̌ˆ e (k, w) at spatial frequencies greater than or equal
to the frequency of the fiber spacing in the tissue (of
given orientation u ). This analysis concerning the
contributions of the different spatial frequencies to
the current density will continue to hold if we relax the
square-grid arrangement of fiber, to allow fibers that
are distributed more randomly in the tissue, but with
the same density. Consequently,
(A4) We assume that the total contribution of the
electrical potential/field at spatial frequencies
finer than the spacing of fibers with similar
orientation makes a negligible contribution
to the current density at spatial frequencies
larger than the spacing of fibers with similar
orientation.
The expression for the current density then becomes
ˆJ̌ (k, w) = −
e

 

ζe,T I3×3 + (ξˆˇe,L (ku , w) − ξˆˇe,T )uuT

ˇ V̌ˆ e (k, w)P(u) du
×∇

(A.19)

where the density of hNTES elements with orientation
u is P(u) = πb2u /du2 , and, in the limit of a continuous
distribution of fiber orientations, the sum over
u becomes an integral. This gives the mean-field
approximation for the current density given by
equations (12) and (13). This can be interpreted as a
mean-field approximation for the admittivity given by
the average over the orientations of hNTES elements as
given in equation (14).

Appendix B. Admittivity calculation for
laminar structure
For a laminar structure with infinitely many fibers, the
admittivity can be computed in the Fourier domain
from equation (14),
ξ̌ˆ lm
e =



|u|=1

1
=
2π
+



P(u)ξ̌ˆ e,u (k, w)du

|u|=1

1
2π



ξˆˇe,T (I3×3 − uuT )du

|u|=1




1 1 + jwτm + (kT u)2 λ20J T
uu
du
,
ρi 1 + jwτm + (kT u)2 λ20V

(B.1)
where we have substituted the expression in
equation (8) for the admittivity of a fibers with
orientation u = [cos θ, sin θ, 0]T . The solutions to
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these integrals can be obtained by converting the
integral over u to an integral over θ and have a form


ˆ lm
ˆξ̌ lm = ξ̌ e,r 0
,
(B.2)
e
lm
0 ξˆˇe,z
where ξ̌ˆ lm
e,r is a 2 × 2 block matrix describing the
admittivity in the r-direction


1 ˆ
1 λ20J
 ˇ
ξ̌ˆ lm
e,r =  ξ e,T +
2
2ρi λ20V


1
×
0

0
1




λ2
(1 − 20J )f (kr )

1
λ

0V
−
2
2
2
2
ρi λV (w)kr 1 + λV (w)kr 

λ20J 2

)f (kr )
ky2
1
λ20V

+
ρi λ2V (w)kr4 1 + λ2V (w)kr2 −kx ky
(1 −

−kx ky
kx2



(B.3)

in which f (kr ) = 1 − 1 + λ2V (w)kr2 . The second
diagonal element in equation (B.2) is the admittivity
in the z direction, as per equation (29), and is given by
lm
(B.4)
ξˆˇe,z
= ξˆˇe,T .

Although there is no fiber oriented in the z direction,
this admittivity is the result of stacking planar tissues
on top of each other in a homogeneous medium.
The factor in front of the 2x2 identity matrix in
equation (B.3) corresponds to the admittivity in
the r direction (as per equation (29). The second
matrix term turns out to be physically irrelevant
as the following argument shows. By analyzing
equation (B.2) and calculating the eigenvalues (s1, s2)
and eigenvectors ( v1, v2) of the second matrix on the
right hand side of equation (B.3), we find
s1 = 0,
v1 = [kx , ky ]T ,
(B.5)
s2 = kr2 ,
v2 = [ky , −kx ]T .

The first of these eigenvectors is proportional to the
ˇ = j[kx , ky ] that appears in
radial components of ∇
the constitutive equation (7) for cellular composite
model. Since the physical meaning of the admittivity is
defined by the constitutive equation, so the admittivity
ˇ in any physically
always appears pre-multiplying ∇
meaningful mathematical expression. Consequently,
the first eigenvector gives no contribution as its
eigenvalue is zero, while second eigenvector is
ˇ , and so
physically irrelevant, as it is orthogonal to ∇
contributes nothing in the constitutive equation.
As an aside, a check on the correctness of equation (B.3) is that it should have an invariant form
under rotation in the r-plane. This is true if and only if
ˆ lm
T
(B.6)
ξ̌ˆ lm
e,r (kr , w) = Rξ̌ e,r (Rkr , w)R ,


cos θ − sin θ
where R =
is the rotation matrix. It
sin θ
cos θ
can be checked that the sub-matrix ξ̌ˆ lm is rotationally
e,r

invariant.
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Appendix C. Extracellular potential
calculation
C.1. Laminar model
To simplify the calculations, a two-dimensional
Fourier transform in (x, y) and a one-dimensional in
time are applied to both sides of equation (18),

T
`
` V̌e = −ι̂(w)
√ δ(z),
ξ̌ˆ e,u du∇
∇
(C.1)
2π 2π
|u|=1
` = [ jk , jk , ∂ ]. Replacing ξ̌ˆ
where ∇
with the
x

y ∂z

e,u

definition in equation (8) and arranging different
terms, an ordinary differential equation in z is given,

lm
−ι̂(w)
∂ 2 V̀ˆ elm
(C.2)
ξˆˇe,T
− ξˆˇe,r kr2 V̀ˆ elm =
δ(z),
2
∂z
(2π)3/2

where kr = kx2 + ky2 , and
lm

ξˆˇe,r kr2 =



du
ξˆˇe,T (kr2 − (kT u)2 )
2π
|u|=1



1 1 + wτm + (kT u)2 λ20J
du
+
(kT u)2 ,
T u)2 λ2
ρ
1
+
wτ
+
(k
2π
i
m
|u|=1
0V

(C.3)
in which the unit vector u = [cos θ, sin θ, 0]T gives the
fiber orientation.
The integral over the orientation in equation (C.3)
can be performed by choosing a coordinate system
in θ such that kT u = kr cos θ to give the analytical
solutions


lm
1 λ20J
1 ˆˇ
ˆ
2
ˇ
ξ +
ξ e,r kr =
kr2
2 e,T 2ρi λ20V

λ20J 
1 (1 − λ20V )
1
+
1− 
.
ρi λV (w)2
1 + λV (w)2 kr2

(C.4)

Subsequently, the solution to the second order
differential equation (C.2) with constant coefficients is
calculated as
 lm
−ι̂(w)

V̀ˆ e (kr , w, z) =
eχ (kr ,w)z
ˆ
3/2
(2π)
ζe,T ξˇe,r kr


lm
− eχ (kr ,w)z H(z)
+ A1 e χ

lm

(kr ,w)z

+ A2 e−χ

lm

(kr ,w)z

,
(C.5)

where

 lm
 ˆˇ
 ξ e,r
(C.6)
χlm (kr , w) =
ζe,T

is a measure of anisotropy, H(z) is the Heaviside step
function, and A1 and A2 are to be found through the
choice of boundary conditions. As it is assumed
that the fibers are infinitely long, the voltage at
infinity; i.e. limz→±∞ V̀ˆ e < ∞, should be finite.
Given equation (C.5), to satisfy thecondition at
z → ∞ , we choose k1 = ι̂(w)/(2π)3/2 ζe,T ξˆˇe,r kr . To
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Figure C1. A modified spherical coordinate system aligned
to the direction of the fiber, uis, such that k makes polar angle
φ, and azimuthal angle θ with uis. The original Cartesian
coordinate system in (kx , ky , kz ) is shown for reference.

have a finite potential when z → −∞,k2  =  0.Therefore,
equation (C.5) is simplified to


−ι̂(w)

V̀ˆ e (kr , w, z) =
e−χ(kr ,w)|z| .
(2π)3/2 ζe,T ξˆˇe,r kr
(C.7)
This is the Fourier domain extracellular potential
of tissue with a laminar structure, which needs to be
inverted numerically.
C.2. Isotropic model
To obtain equation (26), we resort to equation (18) and
this time apply a four-dimensional Fourier transform
to both sides of this equation that gives
ι̂(w)
ˆ is (k, w) =

 ,
V̌
e
(C.8)
(2π)3/2 kT |u|=1 P(u)ξ e,u du k

where V̌ˆ eis shows the Fourier transform of the
extracellular potential calculated in Cartesian
coordinates and P(u) = P(θ, φ) = sin φ/4π as
explained in equation (26). The parameterization of
this integral in spherical polar coordinates results in
1
4π



2π
0



π
0


T
kT ξˇˆe,T I3×3 + (ξ̌ˆ e,L (k, w|uis ) − ξˆˇe,T )uis uis

(C.9)
× k sin φ dφ dθ.

We choose the spherical polar coordinate system such that
axis of rotation is aligned with the vector k (figure C1).
Thus, φ is the angle between k and the unit vector uis, so
that kT uis = K cos φ. The angle θ is the angle between
projection of uis onto the plane perpendicular to k , and
some arbitrary vector in that plane (polar angle). This
choice of coordinates allows a one-dimensional inverse
Fourier transform rather than a three-dimensional inverse
Fourier transform as explained in [29]. This is due to the
fact that the result of the calculation in equation (C.9) is
only dependent on K = |k|. The following calculation
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is then required to go from a Cartesian to a spherical
coordinates and obtain equation (27)

1
V̌ˆ eis (k, w)
V̂eis (|R|, w) =
(2π)(3/2)
× ej(kx , ky , kz ).(x, y, z) dk dk dk ,
x

1
=
(2π)(3/2)



y

z

V̌ˆ eis (k, w)

× e jKR cos φ K 2 sin φ dKdθdφ,
1
=
(2π)(1/2)



∞
0



π
0

V̌ˆ eis (k, w)K 2

× e jKR cos φ sin φ dKdφ,
=

1
(2π)(1/2)



∞
0

−

1 ˆ is
V̌ (k, w)K 2
jKR e

× (e−jKR − e jKR ) dK,


This function is then projected onto a circle around the
origin to remove the dependency on the fiber distances
from the origin. This can be done by performing
integration over r from zero to infinity
η
,
Pp (θ) =
(D.4)
2
π(cos θ + η 2 sin2 θ)
γx
. The calculation of admittivity is very
γy
similar to the case of uniform distribution of fibers in
lm
equation (C.2) with ξ̌ˆ k2 replaced by

where η =

e,r r

∞

1
jK
− V̌ˆ eis (k, w)e jKR dK.
(1/2)
R
(2π)
−∞
(C.10)
If 1/R is factored out so that the remaining expression is the definition of an inverse Fourier transform of
FK−1 {−jK V̌ˆ eis (K, w)}. Hence,
=

where γx and γy are the standard deviations in the x
and y directions, respectively.
To capture different orientations of fibers, this
function is transformed into a polar coordinates by
choosing x = r cos θ and y = r sin θ


sin θ2
cos θ2
2
r −
−
(D.3)
1
2γx2
2γy2
P(r, θ) =
e
.
2πγx γy

F −1 {−jK V̌ˆ eis (K, w)}
(C.11)
.
V̂eis (R, w) = K
R

Appendix D. Extension to spherically
projected Gaussian distribution of fibers in
a Plane

lm
ξ̌ˆ e,r kr2 =

where η is a parameter describing the degree of
anisotropy that can be derived from a two-dimensional
Gaussian distribution in (x, y). The Gaussian
distribution can be expressed as




x2
y2

−
1
2γx2
2γy2
(D.2)
P(x, y) =
,
e
2πγx γy
−
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η ξˆˇe,T

(K 2 − (kT u)2 )dθ
π(cos2 θ + η 2 sin2 θ)

1 + λ2J (kT u)2
η
dθ.
+
2
2
T 2
2
2
θ πρi (cos θ + η sin θ) 1 + λV (k u)
θ

(D.5)
Solving these integrals using Maple or Mathematica,
we obtain
λ2

(1 − λ20J )
lm
kx2 + ηky2
λ2 ηkx2 + ky2
0V
ξ̌ˆ e,r kr2 =ξe,T
+ 20J
+
1+η
λ0V ρi (1 + η)
ρi λ2V


× 1−

+

In realistic tissue, fibers are not necessarily
oriented uniformly. This means fibers in a
specific direction may outnumber fibers in other
directions. To account for this fact in laminar
tissue we assume different standard deviations in
the x and y directions. Based on this assumption,
a corresponding orientation distribution function
P(u), and hence the extracellular potential are
calculated.
The spherically projected Gaussian distribution in
two-dimension with polar angle θ is given by
η
Pp (θ) =
(D.1)
2
π(cos θ + η 2 sin2 θ)








 
η ηλ2V f (η) kx2 − ky2 + λ2V kr2 η 2 kx2 + ky2
D





 
η f (η) η 2 − 1 + λ2V η 2 kx2 − ky2
1 + λ2V kr2
D

,

(D.6)
where f (η) = η 2 − 1 and




D = 1 + λ2V kr2 f (η)2 + 2f (η)λ2V η 2 kx2 − ky2


2 
(D.7)
+ λ4V η 2 kx2 + ky2
.

Note that for brevity, the argument w is dropped
from λJ (w) and λV (w) in the above equations. According to these equations, one can choose appropriate
distribution proportion, η, to obtain the extracellular
potential solution in the Fourier domain. In a special
case of η = 1, equation (C.4) is recovered. The extracellular potential in the case of Gaussian distribution of
fiber orientation is also of the form of equation (C.7).
This equation needs to be inverted numerically to
obtain the extracellular potential.
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